
CHAPTER 9

System of Linear Differential Equations



9.1 Theory of system of linear orderst 1 D.Es.
1. General orderst 1 linear system.
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In matrix form
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or )()()()(' tGtXtAtX 

(1)Homogeneous system if 0)( tG for all t.

)()()(' tXtAtX 

(2)Nonhomogeneous system if 0)( tG for at least some t.

)()()()(' tGtXtAtX 

EX: 22 system
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In matrix form
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(3) Initial value problem

System D.E. )()()()(' tGtXtAtx 

Initial condition 0
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Analogous to orderst 1 initial value problem.



gaxx ' ; 00 )( xtx 

2. Theory of homogeneous system AXX '

(1) Linear combination of solutions

Let k ,,, 21  be solutions of AXX ' . Then

kkCCC  2211 is also a solution of AXX ' where

kCCC ,,, 21  are numbers.

(2) Linear Dependence/Independence of solutions.

Solutions r ,,, 21  of AXX ' , defined on interval I, are

linearly dependent if one solution is a linear combination of
the others, otherwise are linear independent.

(3) Test for Linear Independent
suppose that
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are solutions of AXX ' in an open interval I. Let to be any
number in I.

Then

(i) n ,,, 21  are linear independent on I iff

)(,),(),( 00201 ttt n  are linear independent when

considered as vectors in nR .

(ii) )(,),(),( 21 ttt n  are linear independent on I.

iff
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For trivial solution 02
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EX: Homogenous system 
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Solution? Linear independent?
Sol: choose t=0
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)(1 t ＆ )(2 t …… )(tn are linearly independent.

(4) General solution

If )(1 t ＆ )(2 t …… )(tn are linearly independent



Solutions of X’=AX, then a linear combination of these solutions are

nnCCC  ......2211 is the general solutions of X’=AX

EX:
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is general solution of XX 
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(5)Matrix product of general solution
A. Fundamental matrix :
A fundamental matrix for X’=AX is an nxn matrix where column are
linearly independent solution of these system.
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B. General solution C :
The general solution of X’=AX i.e. written as the matrix product of 

and C C = n 21
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Ex: Fundamental matrix for XX 
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3. General solution of nonhomogenous system X’=AX+G

Let  be a fundamental matrix for X’=AX and let p be any

solution of X’=AX+G. Then the general solution ofX’=AX+G is

C + p , where C is an nx1 matrix of arbitrary constants.

9.2 Solution of X’=AX when A is constant
1. Solution of X’=AX

Let A be an nxn matrix of number. Then te is a nontrivial solution

of X’=AX iff  is an eigenvalue of A with eigenvector 

Assume X= te is a solution of X’=AX

  tttt eAeeAe   
'

 A eigenvalue problem

2. Linearly independent solutions
t

n
tt neee 121 ,, 21

   are n linearly independent solutions of

X‘=AX where n ,, 21 are n linearly independent eigenvectors of

nxn constant matrix a corresponding to eigenvalues n ,, 21

EX: 
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 linearly independent solutions of the given systems are
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3. Solutions of AXX ' for complex eigenvalues of A

(1) Solutions of complex value



A

A

if A is real matrix , then AA 

A

 and  are complex eigenvalues of A with eigenvalues 

and . Hence e t and e t are solutions of AXx '

 e t and e t are linearly independent(  )

Fundamental matrix for complex eigenvalues is





 ,....., ee tt  

(2) Real-valued solution

Let  i be an eigenvalue of an nxn real matrix A with

corresponding eigenvector U+iV. Then  tVtUe t  sincos  and

 tVtUe t  cossin  are linearly independent solutions of AXx '

[proof]

e tiiVUt )(
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From Euler formula, we have














)sin(cos)()(

)sin(cos)()(

2

1

titiVUt

titiVUt

e
e

t

t








 tVtV
tt

e t  sincos
2

)()(
21 


 

 tVtV
tt

e t  sincos
2

)()(
21 



 tVtUe t  sincos  and  tVtUe t  cossin  are real-valued solutions

of the original system and are linearly independent…



EX. Solve the system
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solutions for  3,131   i

eigenvector iVUiii 
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  general solution is

ct )( where  
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4. Solution of X’=AX when A does not have n linearly independent
eigenvectors
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λ1 =λ2 =λ3 = -2

eigenvectors for λ= -2 B
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2nd solution and 3rd solution refer to P395~P400 in text book
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5. Solution ofX’= AXby diagonalizing A
X’= AX ………(1)
Let X=pz ………(2)

where matrix P is a matrix diagonalizing matrix A

∴X’=(pz)’= pz’ = AX…(3)

Premultiplying both sides of Eq.(3) by P-1, we have
P-1Pz’= (P-1AP)z

Or
z’=DZ

Here D=P-1AP=
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Whereλ1 λ2 ………λn are eigenvalues of A
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uncoupled system
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∴general solution for Z’=DZ is
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∴X(t) = pz(t) = pΩD(t)C

9.3 Solution of X’ = AX + G

1. Variation of parameters
Nonhomogeneous system
X’ = AX + G…………….. (1)

Assume Ω(t) is a fundamental matrix for X’= AX, and 
ψp(t)= Ω(t)u(t)…………(2) 

is a particular solution of X’= AX + G.
Substituting (2) into (1), we get
(Ωu)’ = A(Ωu) + G
Ω’u +Ωu’= A(Ωu) + G………………..(3)

SinceΩC is general solution of X’= AX, we have
 (Ωc)’ = A(Ωc)
Ω’c = AΩc



Therefore
Ω’ = AΩ……………(4)
Substutute (4) into (3) to get

AU+ G)U(AU 

GU 

Because  is nonsingular， have an inverse

GU 111  
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The general solution of this nonhomogeneous system is
)()()()( tutCttX 

2. Solution of GAXX  by diagonalizing A
nonhomogeneous system

GAXX  ．．．(1)

where A is a constant diagonalizable matrix

pzx  ．．．(2)

Substituting (2) into (1), we have
G)PZ(A)PZ( 

GZ)AP(ZP  …. (3)

Premultiply both sides of (3) by 1p to get

GPZAPPZPP 111 )(  

or
GPDZZ 1

Here
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An uncoupled system of n independent DE’s for Z.
Solution of original system is

PZX 

Here P=[E1, E2,…, En], E1, E2,…, En are eigenvectors of A
corresponding to eigenvalues1, 2,…, n.


