
CHAPTER 8

Eigenvalues, Diagonalization
and Special Matrices



8.1 Eigenvalues and Eigenvectors

1. Definition:

A number  is said to be an eigenvalue of matrix A if and only if there exists a

nonzero 1n matrix (vector) E satisfying the linear system.

EAE  … (1)

Where E is an eigenvector corresponding to the eigenvalue 

Ex. 
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2. Characteristic equation of eigenvalue

Alternative from of Equation (1)
0)(  EAIAEE  … Homogeneous linear system

(n equation, n unknown)

For a nonzero solution E, we must have

0AI … Characteristic equation of matrix A
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… Characteristic polynomial of A

(1) Eigenvalues’s and the roots of the characteristic equation P () = 0
(2) Corresponding eigenvectors Es’ are the nonzero solution of  0 EAI

Ex. Find eigenvalues and eigenvectors of
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Eigenvector E satisfies   0 EAI
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Eigenvector E satisfies   0 EAI
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8.2 Diagonalization of Matrices
1. Diagonal matrix

(1)Definition

A matrix D =  
nnijd


is a diagonal matrix if 0ijd for ji 

Ex.
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(2) Properties of diagonal matrix
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(i) WDDW 

(ii) ndddD 21

(iii) D is nonsingular iff 00 

(iv) If 0D , then
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(v) Eigenvalues of D are nn d , nn ,,2,1 

2. Diagonalizable Matrix
(1) Definition

Matrix nnA  is diagonalizable if and only if there exists a matrix nnD 

such that DAPP 1 is a diagonal matrix, matrix P diagonalizes A .
(2) Condition for Diagonalizability

If a nn matrix A has n linearly independent eigenvectors, then A is
diagonalizable.
Further, if P is nn matrix having these eigenvectors of A as columns,

there APP 1 is the diagonal matrix having the corresponding eigenvalues
of A .
[Proof]
Let nVVV ,.....,, 21 be eigenvectors of A corresponding to eigenvalues

n ,.....,, 21 and  nVVVP ,.....,, 21
First, prove that p is nonsingular  nVVVP ,.....,, 21 and nVVV ,....., 21 are

linearly independent.
Dimension of column space of matrix P=n
rank (P) =n
 nR IP  ( RP : reduced matrix of P)

P is nonsingular

 1P exists



Then, we will prove that
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(3) Criterion for Diagonalizability
A matrix nnA  is diagonalizable iff A has n linearly independent

eigenvectors. (充要條件)

If AQQ 1 is a diagonal matrix, there
1. Diagonal elements are eigenvalues of A, and
2. Columns of Q are eigenvectors of A

[Proof]





































|.........|...........|
.....

|.........|..........|

|.....|...|
...

|.....|...|

221121 nnn VdVdVdDVVVQD



































|.........|.........|
.....

|.........|........|

|.....|...|
...

|.....|...|

2121 nn AVAVAVVVVAAQ

Since AQ=QD, then column j of AQ equals column j of QD, so

jjj VdAV  which proves that jd is an eigenvalue of A with associated

eigenvector jV .

(4) Sufficient condition for Diagonalizability
If matrix nnA * has n distinct eigenvalues, then the corresponding

eigenvectors are linearly independent, and A is diagonalizable.

Ex. Diagonalize 
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Sol. Find eigenvalues & eigenvector of A
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associated eigenvectors are 
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 A is diagonalizable

Matrix P diagonalizing A is   
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Ex. 
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Sol. BI 0)1(
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121  repeated roots.

From the system 0)(  XBI 
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X for all

Any two eigenvectors are linearly dependent

A is not diagonalizable.

8.3 Orthogonal and Symmetric Matrices

1. Orthogonal matrix

(1) Definition
A nonsingular matrix nnA  is orthogonal matrix if and only if

IAAAA tt  or tAA 1

(2) Theorem

Matrix nnA  is orthogonal if and only if tA is orthogonal.

pf. tttttt AAIAA )()(  [ AA tt )( ]
 A is orthogonal

(3) Theorem

nnA  is orthogonal 1A

pf. 1IAAt

2|||||||||| AAAAAAA tt 

 |A|= 1

(4) Orthonormality of row (column) vectors

A real matrix nnA  is orthogonal iff the row (column) vectors are orthonormal

in
nR .

orthonormal vectors:
vectors and orthogonal and each has norm I.

pf. 
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2. Symmetric Matrices
(1) Defination

Matrix nnA  B symmetric if and only if
tAA  , namely jiij aa 

Ex:

tAA 
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(2) Real eigenvalues
Theorem

If matrix A is real symmetric matrix then the eigenvalues of A are real.
pf. E is eigenvector associated with eigenvalue λ of A.

    AE=Aλ  conjugate of last eqn. is ,  ∴ EEA  or EEA 

( AA  ) real

tttttttt EEEAEAEEA   )()(

tt
EAE 

Post multiplying above eqn. with E , we have

1EEAEE
tt



  Premultiplying AE=λE with 
t

E , we have



2EEAEE
tt
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t
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  λ is a  real number∴

(3) Orthogornal eigenvectors
Theorem
If A is real symmetric matrix , then eigenvectors corresponding to different
eigenvalues are orthogonal.

pf.  eigenvaluesλ&μ,  eigenvalues E&G

    AE=λE , AG=μG∴ , Now prove 0 GEGE t

GEGEAGEGAEGAEGEGE tttttttt   )()(

0)(  GE t if  Then GEGE t &0  orthogonal

(4) Orthogonal Diagonalization
Theorem
If matrix A is real symmetric matrix , then there is a real orthogonal matrix
that diagonalizes A.

APPDAPP t1 )( 1 matrixorthogonalPP 
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Where nEEE ,,, 21  are linearly independent eigenvectors of A

corresponding to eigenvalues n ,...,, 21
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321 ,, EEE are orthogonal to one another.
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Consider vectors 321 ,, VVV as
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Then 321 ,, VVV are orthogonal
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is an orthogonal matrix

∵ 321 ,, VVV are linearly independent eigenvectors of A

 matrix P diagonalizes A.
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8.4 Quadratic Forms
1. Complex quadratic form


 

n
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n

k
kjjk zza

1 1

jka : complex number

jz : complex variable

(1) square terms
2

jjjjk zzzzz  , j=k

(2) mixed product terms

jk zz , kj 

(3) matrix form



AZZ t , A= ija

2. Real Quadratic form
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1 1

jka : real number

x: real variable
(1) square terms

2
jx , j=k

(2) mixed product terms

kj xx , kj 

(3) matrix form

AXX t

= 
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3. problems mvolving quadratic form
(1) Eigenvalue of matrix
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(2) kinetic energy of a system of particles
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(3) Equation of a conic

dcybxyax  22

4. principal Axis theorem
The transformation of coordinates QYX 

transforms the quadratic form 
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to the〝stardard form〞 
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Here Q is an orthogonal matrix that diagonalizes the real

symmetric matrix nnA  , and n ,, 21 are

eigenvalue of A
[p.f.]
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Orthogonal matrix Q diagonalizing A is

Q=1E 2E =
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8.5. Vniting, Hermition and
skow Hermition matrices

1. Complex matrix

A=
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ija = complex number

Dot product of two complex vector in nC
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2. Unitary matrix
(1) Definition

A complex matrix nnU  is unitary if and only if

tUU 1 or n
t IUU 

If U is real matrix

then UU 

n
tt IUUUU 

Unitary matrix is orthogonal

Unitary matrix is a complex analogue of∴

orthogonal matrix

Ex. U=
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U is unitary matrix∴



(2)Unitary system of vectors complex n-vectors 111 ..., FFF

 from a unitary 

system if 
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(3)Condition for unitary matrix A complex matrix nnU  is unitary if and only if 

it’s row (column) vectors from a unitary system 

 Ex: 
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  Unitary matrix=?  Unitary system=? 

 Sol: 
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     U is a unitary matrix 

       row vectors= 
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3. Hermitian matrix 

  A complex matrix nnH   is Hermitian if and only if 
tHH  .  

  If H is real, then tHHH  , and H is symmetric. 

4. skew- Hermitian matrix  

A complex matrix nnS  is skew- Hermitian if 
tSS  . 

If S is real, then tSSS  , and S is skew-symmetric. 


