CHAPTER 8

Eigenvalues, Diagonalization
and Special Matrices



8.1 Eigenvalues and Eigenvectors
1. Definition:
A number A is said to be an eigenvalue of matrix A if and only if there exists a
nonzero Nx1 matrix (vector) E satisfying the linear system.

AE = AE -+ (1)
Where E is an eigenvector corresponding to the eigenvalue 4
Ex. A= [1 OJ
' 00
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E = 0...eigenvector..of .,
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2. Characteristic equation of eigenvalue
Alternative from of Equation (1)
AE—AE = (Al — AE=0 --- Homogeneous linear system

(n equation, n unknown)
For a nonzero solution E, we must have

|ﬂ,l — A|=0 --- Characteristic equation of matrix A

Or
A-ay  —a, o -y
P, (1) = _?21 A_:azz _?2” =b A" +b A"+ +bA+b, =0
_anl _an2 )“_ann

-+« Characteristic polynomial of A
(1) Eigenvalues A" s and the roots of the characteristic equation P (A1) =0
(2) Corresponding eigenvectors Es”  are the nonzero solution of (M - A)E =0

1 -1 0
Ex. Find eigenvalues and eigenvectors of A={0 1 1
0O 0 -1

Sol:  characteristic equation of A 1s



A-1 -1 0
A-A=0 2-1 -1|=(A-D*(1+D)=0
0 0 A+

A =A,=1 A,=-1
A =1
Eigenvector E satisfies (I — A)JE=0
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00 -1|e, |=|0
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e,=0,e =06 =a(~dE) -~ E
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2Ar,=-1
Eigenvector E satisfies (—1 —A)E=0

-2 1 O0)e 0
0 -2 -1je, |=|0
0 0 O0)eg 0
-26+e,=0=>e,=2¢
-2¢,-6,=0=>¢,=-4¢
e=p
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8.2 Diagonalization of Matrices

1. Diagona matrix
(1)Definition

A matrix D = [dij ]nxn isadiagona matrix if d; =0 for i# ]

d, o)

d
Ex. D= 12

nn



(2) Properties of diagona matrix

d, O W, O
D= dz W = W,

O d, O W,
(i) DW =WD

(i) |D|=d,d,...d,

(iii) D isnonsingular iff |00

Ja, 0

(iv) If |D[=0,then D™ = /]{12

° Ja,

(v) Eigenvaluesof D ared, =d,,, n=12,---,n
2. Diagonalizable Matrix
(1) Definition
Matrix A, isdiagonalizableif and only if there existsamatrix D, ,
suchthat P*AP =D isadiagona matrix, matrix P diagonalizes A.
(2) Condition for Diagonalizability
Ifa nxn matrix A has n linearly independent eigenvectors, then A is
diagonalizable.
Further, if P is nxn matrix having these eigenvectors of A as columns,

there P'AP isthe diagonal matrix having the corresponding eigenvalues
of A.
[Proof]

linearly independent.

=>»Dimension of column space of matrix P=n
=>rank (P) =n

=2 P; =1, (Pg: reduced matrix of P)
=>Pisnonsingular

> P exists



A O

Then, we will provethat PAP = A

AP =[AV,, AV,,....AV,]

CAV =AV, L AP =[AN, AN, AV ]
PIAP = P AV, AN, . AV ] =[PV, AP V,,...A PV,]

PP =PV, V,,.V. 1= [PV, PN, ,...PV]

10 - 0
~Jo :
0

APV =11 <= i"-row

0
A o)
A
Hence P'AP = 2
o) A

(3) Criterion for Diagonalizability
A matrix A, isdiagonalizableiff A hasn linearly independent
eigenvectors. (& FI %)
If Q'AQ isadiagonal matrix, there
1. Diagonal elements are eigenvalues of A, and
2. Columns of Q are eigenvectors of A
[Proof]



- — — |
QD =|VV,..V, D=|dV,dV,..dV,

Looi ]| — T |

10 O R RN T |
AQ=AVYV,.V, [=| AV,.AV,.. AV,

[ [ (P |
Since AQ=QD, then column j of AQ equals column j of QD, so

AV, =d,V, whichprovesthat d; isaneigenvalue of A with associated

eigenvector V.

(4) Sufficient condition for Diagonalizability
If matrix A, hasndistinct eigenvalues, then the corresponding

eigenvectors are linearly independent, and A is diagonalizable.
Ex. Diagonalize A= (_01 g if possible?
Sol.  Find eigenvalues & eigenvector of A
- A=t 44:(/“1)(/1—3):0

0 A-
A=-1# A,=3

1 1
associated eigenvectors are V, = ( O}VZ = (J linearly independent

= A 1s diagonalizable

. . .. . 11 1 1 -1
. Matrix P diagonalizing A is P=M,,V,]= P~ =

01 0 1
Thus PAP = -1 0 1A 0
0 3| |0 4,

Note: 1) Q=[3V, -2V,] = B

QiaQ=| 0
10 3

2} also diagonalize A

. 11 ' '
(i) S=M,.V,]= { 1 O} also diagonalize A

STAS= A2 0
0 A



1 -1
. B= I I ?
Ex { 0 1 } Diagonalizable

]l:(/l—l)zzo

A-1 1
Sol. [l - B :‘

A—
A =4, =1 repeated roots.

From the system (I —B)X =0 X = (g} for all

Any two eigenvectors are linearly dependent
= A 1s not diagonalizable.
8.3 Orthogonal and Symmetric Matrices
1. Orthogonal matrix
(1) Definition
A nonsingular matrix A, 1s orthogonal matrix if and only if
AA=AA =] or A*=A
(2) Theorem

Matrix A, is orthogonal if and only if A" is orthogonal.

pf. (A)'A =1=A(A") [(A)' = A]
= A 1s orthogonal
(3) Theorem

A, isorthogonal  |A=+1
pf. |AA‘|:|I|:1

[AA'| = Al A" Al A AP

=Al=x1
(4) Orthonormality of row (column) vectors

A real matrix Ahxn is orthogonal iff the row (column) vectors are orthonormal
n
in R .

orthonormal vectors:
vectors and orthogonal and each has norm I.

n n
t t
or. (AA); =D agay =) a.a (g =)
s=1 s=1



Assume rows of A and orthonormal vectors

Z”: Q= 0 it]
. a'ISJS_ll_J

s=1 -
+ AA' =1, = Aisorthogonal

cos@ snf
Ex: A=

—-sin@ cos6
. cosf sinf\(cosf -sind 10

Sol: AA = i _ = =1,
—sin@ cosO )\ ssh@ coso 01

2. Symmetric Matrices
(1) Defination

J orthogonal ?

Matrix Ann B symmetricif andonlyif A= A", namely &; = a;

Ex:
2 1 O
A=|1 -2 4|=A
0O 4 2

(2) Real eilgenvalues
Theorem
If matrix A isreal symmetric matrix then the eigenvalues of A arereal.

pf. E is eigenvector associated with eigenvalue A of A.

.. AE=AA conjugate of last eqn. is , AE=AE o AE=A1E

( o A=A ) red
——t

(AE)' =EA' =E A=(LE)'=E 1 =AE

——t

—t
~EA=AE
Post multiplying above egn. with E , we have

—t
Premultiplying AE=AE with E , we have



EAE=AE E-weee-2
2-1yields

— =t

(A-)E'E=0
Eth\el\2+\e2\2+ ------ +]e,|” > 0¢- E=0)

S A=A=0

U.Aisa real number

(3) Orthogornal eigenvectors
Theorem

If A'isreal symmetric matrix , then eigenvectors corresponding to different
eigenvalues are orthogonal.

pf. eigenvaluesA&y, eigenvalues E&G

. AE=AE , AG=uG , Now prove E-G=E'G=0
AE'G = (AE)'G = (AE)'G = E'A'G = E'AG = E'uG = 4E'G

Z(A-u)E'G=0if # u Then E'G=0= E & G orthogonal

(4) Orthogonal Diagonalization
Theorem
If matrix A is real symmetric matrix , then there is a real orthogona matrix
that diagonalizesA.

P'AP=D=P'AP (P'=P orthogonal matrix )

Here,
p_|_ & B E,
JEE JEE, ESE,
Where El, E2, """ ) En are linearly independent eigenvectors of A

corresponding to eigenvalues ﬁ,l, 12 yreny in



real symmetric matrix

A-3 0 -2
o W-A= 0 21-2 0|=0
-2 0 A

dgenvduess A4 =24, ==L, =4

dgenvectors E,, E,, E;

(-1 0 2 0
O O O E]_:O ’E1: 1
2 0 0 0

-4 0 2 1
0O -3 0|, =0 ,E,=|0

2 0 0 2

1 0 2 7

0 2 0|[E;=0 ,E;=| 0

2 00 -1

El, Ez, E3 are orthogonal to one another.



EE, =
, = (0 1 0)

E'E
, = (0 1 0)

EE, =
253 (1
0 2)
0

Consi
der vectors  V,,V
1 2’V3 as

B )
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B | 2
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B |
kS

Then V,,\,.,V. h n
) 1
11 Vo, V3 areorthogo al




P= V, V,)=|1
Here (Vl 2 3) is an orthogonal matrix

&‘I—‘O&‘H
I
PRSI

J5

V1 ,V2 ,V3 are linearly independent eigenvectors of A

— matrix PdiagonalizesA.

01 2
O 1 O || 3 0 2 = Iz
L 1 2 V5 45
SPTAP=P AP=|— 0 — O 2 0|1 O 0
V5 V5 L g ol 2 _ 1
IR

2 0 O

=10 -1 O

0O 0 4

8.4 Quadratic Forms
1. Complex quadratic form

n n
2.2 axZiz

j=1 k=1

a;, : complex number

Z; : complex variable
(1) sguareterms

p— p— 2 .
(2) mixed product terms

z.z; , j=k

(3) matrix form




Z'Az \A=|a, |
2. Real Quadratic form

n n
PIPITRR

j=1 k=1

a;, : real number

x: real variable
(1) squareterms

2 .
Xj ,j=k

(2) mixed product terms

XX, j#KkK

(3) matrix form

X' AX
A, a, | X,
=(xl’x2' ....... X, A :XZ
A e a, |\ X,

Ex. Given: 2X7 —-7X; X, +9X}
Find: matrix form
2X12 —-7X. X, + 9X22

_ a,a;, xl
_(Xlxz{azlazj(xzj

— 2 2
- a:l.lxl + (a12 + a‘21 )X1X2 + a‘22x2

a11:2
apt+ay =—7
a22:9

A:{aﬂaﬁ} if a,=a,= —%



— —_ 2 o
2 2
= then A= 2
-9 9] _Z 9
2
—_2 —9)] Symmetric matrix
_2 9 -
__2 -
-4 9

3. problems mvolving quadratic form

(1) Eigenvalue of matrix
cCt
P E_ AE
E'E
(2) kinetic energy of a system of particles

T =Z%mvf

(3) Equation of a conic

ax® +bxy +cy® =d

4. principal Axistheorem
The transformation of coordinates X = QY

n n
transforms the quadratic form Z Z Qi X X,
=

tothe “stardard form” A, Yy +4,Y; +--+ A Ve =D Ay

Here Q isan orthogonal matrix that diagonalizes the red
symmetric matrix A, ,and A, A4, A, are

eigenvalue of A
[p.f.]

Zn:iajkxj X
=]
= X'AX
=(QY) AQY)
=Y'(Q'AQ)



=AYy + A Y5 + AgYs ot A Y

=24y
-1

Ex. Guadratic form X —2X,X, + X5
Sol: Inmatrix form X'AX

X; = 2%,%, + X5

ol ) ()

1 -1 .
A:{ } real symm matrix

-11
Eigenvalues & eigenvectors of A
1
V2
A, =0 E = 1
V2
1
Ay =2 E,= V2
1
J2
Orthogonal matrix Q diagonalizing A is
11
NERNE:
Q:[El Ez]: 11
J2 42

.. coordinate transformation is
X =QY



1 1
X\ _[V2 42 Y1
x,) |1 1 |y,
V2 2
..standard form of X7 — 2X,X, + X is
MY; +2,Y; = 2Y;

If X —2XX, +X; =4

(Xl - X, )2 =4
X —X, =12
11
then after X= \/15 V2 Y transformation,
V2 2

2y; =4 o 3/2:1L\/E

1 1
ﬁ ‘ﬁ cos45® —sinds

Q_i 1 | sind5°  cos45°
J2 2

8.5. Vniting, Hermition and
skow Hermition matrices
1. Complex matrix

Qe a,
_ Ay8, e a,,
Qe a,,

&;; = complex number

Dot product of two complex vectorin C"



n

=) ZW,

k=1
In matrix form
Wl
W n
(21122’ """ zZ,) . "= ztW:Z:zkwk
k=1
W,

2. Unitary matrix
(1) Definition

A complex matrix U, isunitary if and only if

Ul=u'o UU'=1,

If Uisrea matrix
then U =U
~Uu'=uU'=1,

— Unitary matrix is orthogonal

.".Unitary matrix is a complex analogue of
orthogonal matrix

i 1

Ex. U:\/Ei \/15
2 2
1
U= iﬁ\/f
N

I | e

Gut| V2 V2||[V2 2

o141 1

V2o V2)\J2 2

:(10}'2

01

..U isunitary matrix



(2)Unitary system of vectors complex n-vectors F, Fl...lfl from a unitary

- - Oitj
system if F, - Fj = {1 . J} complex analogue of orthonormaket
1=

(3)Condition for unitary matrix A complex matrix U mn 1S unitary if and only if

it’s row (column) vectors from a unitary system
Ex:

VAR
WAAE

Unitary matrix=? Unitary system="?

Sol:

I 2

e Ve e e 22)-
ARV A

..U is a unitary matrix

) ek

&l_
ol

3. Hermitian matrix
A complex matrix H, , is Hermitian if and only if H=H".

If His real, thenH = H = H! , and H is symmetric.
4. skew— Hermitian matrix

A complex matrix S, is skew— Hermitian if S=g'.

If Sis real, thenS=S= S', and S is skew-symmetric.



