Chapter 7

Determinants



7-1 Permutations

1. Permutation
A permutation p of order nisan arrangement of the integers 1,2...n isany order.

Ex. n=2 permutations (2!)
1.2p(1)=1p(2)=2
21p(D=2p(2=1
Ex. n=3 permutations (3!)
1,2,3
1,3,2
213
231
31,2
32,1 p (j)=the number the permutation has put in placej.
2. Even and Odds permutations (ﬁJ #[ﬁ[ﬁpfﬁ}ﬁ%ﬂ)
Rules:
(1) For each number k in the permutation, count the number of integer to its
right that are smaller than k.
(2) Sum all the numbers obtained in (1) in order to get a number.
(3) If the number in (2) is odd, then the permutation is called odd permutation,
otherwise even permutation.

Ex. permutation 2,5,1,4,3

k number _of _integers<k

2 1

3
1 0
4 1
3 0
Sum 5

. 2,5,1,4,3 isan odd permutation!



Ex. Permutation 2,1,5,4,3

k numbers_of _intergers<k
2 1
1 0
5 2
4 1
3 0
Sum 4

. 2,1,5,4,3 is an even permutation!

3. Sign of permutation

n()—O if p is even
P11 it pois odd
7.2 Definition of determinate

1. Definition

det(A) = Z (-1)® A5 Qop(2) " ()
P

Where p (j) is determined by the permutationson 1, 2...n

2. Example

A:(%l
a21

a, j
a22

det(A) =D (D Pa, @,
p

n=2

permutations | even or odd | P(1) | P(2) | sgn(p)
1,2 Even 1 2 0
2,1 Odd 2 1 1

- det(A) = (-1)°ay,a,, + (-1)*a,a,

7.3 Properties of
1.Theorem
Anxn, ann

=18y, — 8,8y
determinate

|A=0 if A hasazerorow

2. Theorem (Type II row operation)




|B|=a|A if B isobtained from, A by multiplying row k by ascalar o
3.Theorem (Type I row operation)
|A'=—|B| if B isformed fromA by interchanging two rows.
4. Corollary
|A=0 if A hastwo identical rows.
Pf: Assume that B is obtained from A by interchanging the two identical rows.
. B=A=|B/=|A...(1)
But from theorem3, we have
Bl=—A...(2)
RN
B[=|A=0
5.Corollary
|A=0 if row k of Aisa times row i.

Pf:

case (1) a=0
|[A=0 (TheoremT)

case (2) a0
If B is obtained from A by multiplying know by 1/a,
then B has two identical row i & k

~.|B|=0 (corollary 4) ...... (1)

But from theorem 2, we have

1
B|= EW ...... (2
. From (1) & (2), we have
[A=0
6.Theorem

|AB| =|AB]



7.Theorem

A=A+
Ay e,
if |Al:akl-f_ﬂkj oo+ By O{kn-f-ﬁkn
Ay oy o
oy | et o,
= a'kl a.kn + ﬂ.kl ﬂ:kn
Ay - SOUo 2 R S e Qg
=|Al+[A

8. Theorem (Type III row operation)

B/ =|A If Bisformed by A by adding r times row | to row k

Pf.
Ay ot Ay
|B|: all cee cee cee aln

Qi+ Qg eee e e O+ Q,
anl ann

Ay Q| %11 Ay

Ay Ain|  |Kin

Theorem?| : R
Ay Ain| %
anl ann anl ann




Ay 24T

Ay A
Theoremr| : D +|A

Ay A

anl e e ann

Corollany4 0+|A

- [B=[A
9. Theorem
A =|AT
7.4 Evaluation of Determinants by Elementary row operations
1. Method

Given an nxn matrix A, us the row operations to obtain a new matrix B
having at most one nonzero element is some row | or column |

Then |A isascalar multipleof |B| isascalar multiple of the (n-1) x (n-1)

determinant formed by deleting from B the row and column containing this
nonzero e ement.

Oy aj; 24T
Oy Oi_1n
0 0 a; 0 0
ai+1
anl Otnn nxn
Gy o Oy Oy o0 Oy
11 -1
— (_1)|+]aij i i-1n
a|+11 oo oo oo a|+1n
anl ann




2. Example

-2 6 5 -3

. 4 -8 2
Given A:

6 3 3 -6

8 9 -11 4

Find: |A by row operations,

Sol:
-2 6 5 -3%(-12
4 4 -8 2
A=

6 3 3 -6
8 9 -11 4
1 -3 -5/2 -3/2)
4 4 -8 2 -

B Jx(-4)
6 3 -6 |Jx(-6)
8 9 -11 4 )ix(-8)
1 -3 -5/2 -3/2
0 16 2 -4

=C=
0 21 18 -15
0 33 9 -8

~B|= _%w (Theorem 2)

IC|=|B (Theorem 8)

16 2 -4
D=|21 18 -15
33 9 -8

Formed form C by deleting row1 and column 1

1
=D =—=—IC|=[C|
R
16 2 -4 ) 8 1 -2)
D=|21 18 -15|—2 5 E—|21 18 —15|.x(-18)
33 9 -8 33 9 -8 .dx(-9)

8 1 -2
—> F=-123 0 21
-39 0 10



1
~|E[=2|D|, |F|=]E
[E[=3[Bl. [F[=|E]

|F|=(—-1.)1+2_123 21::411

-39 10

- |A =28/~ 2| = -2D| - 4E|~ 4]

=-4x411
=-1644
7.5 Cofactor Expansions
1. Minor, M;;
The minor of element &; of matrix A is the determinant of the (n-1) x (n-1)
matrix obtained by deleting row i and column j of A.

Sol: minor of ayo=M 5=

minor of agg=M 3=

2. Cofactor, Cjj
The cofactor of a&; isthe number (-1)"M;;
Ex.
Cofactor of a2 = o= (-1)***M,= 6
Cofactor of ag = C12= (-1)*"*Mgs= -3
3. Cofactor expansion by arow
If Aisnxn, then for any integer | withl<i<n, |A= i(—l)”j M,
-1

Pf.
Q, v e Ay,

A=l @, - &,

anl e cee e a

nn




all cee cee cee aln a:l.l cee e e a:l.n

=la, O 0|+|0 a, O+
a, o o ooal la, - oo oAy,
+10 O. a,

=(-D)"aMy; + (1) a,Mp, + o+ (1) "8, M,

=> (- a;M; (i dummy index)
j=1

Ex.
1 4 7
A=|2 5 8
3 609

Determine |A by cofactor expansion by arow.
Sol: Cofactor expansion by row 1 (i = 1)
3 .
LA =2 D My,
j=1
=a;M,; -a,M;, +a;My,
5 8 2 8 2
= - +7
39 3

4. Cofactor expansion by a column

6 9

Let A be nxn. Then for any integer j with1< j<n, [A=> (-1)"'a;M
-1

Ex.

A=

>

[
w N P
o g b
© 0 ~

i



Sol: Cofactor expansion by column 1, j=1
3 . .
|A4 = Z(_l)lﬂ aM;;
i=1

= (_1)1+1 anM nt (_1) 2+13-21M at (_1) i a31M 31

5 4 7 47
-2 +
C % 4% g
7.6 Determinants of Triangular Matrices
1. Upper triangular matrix

An nxn matrix A is called upper triangular if all the elements below the main
diagonal are zero.

a; a, - a,
A: 0 2

: 0 .

0O 0O 0 a

nn

2. Lower triangular matrix

Matrix A is called lower triangular matrix if all element upper the main
diagonal are zero.
3. Determinants of triangular matrices

|Al =The product of its main diagonal element

=a;; QA - a,

7.7 A Determinant formulafor amatrix Inverse.

1. Condition for no singularity let A be nxn, then A is no singular iff |A =0

p.f. Assume |A =0

A =alA=0

.". Arcan not have any zero rows
SCAR=

= Rank (A) = Rank (Ag) =n
= Aisnosingular

AssumeA isno singular

= Ar=lIy



A =alA]

And:
A =[] =1

CoA=a£0 (T HRIER)

2. Formulafor matrix Inverse let A be nxn no singular matrix.

Then B=A"

of B isgiven asfollows b, =i(—1)i+j M,

Wheretheeement b,

]
1 3
Ex. A=
>4

|A4:‘; j:—z;to No singular

1 {(—1)1%1 (—1)1*2M21}
|A4 (_1)2+1M12 (_1)2+2M22

7.8 Cramer’s Rule
Let A be nonsingular nxn matrix. Then the ungula solution of AX=B is

Where xk:i|A(K;B)| and A(K;B) isthe matrix obtained from A by

A

replacing column K of A by matrix B.

[z )0

1 3 .
A:( j no singular
2 4

A unique solution exists
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