CHAPTERS
Vectors and Vector Space



5.1 Algebra and Geometry of Vectors
1. Vector
An ordered triple (a, b, c), where g, b, c are real numbers.

Symbol: a,B,a,b
Z

(o,b,c)

X
A magnitude and a direction.
2. Norm of avector (a, b, €)

Norm =||(a, b, c)|

=vJa*+b’+c?

= magnitude
3. Scalar multiplication
Product of a scalar and vector
F =(a,b,c), scdar «
aF =a(a,b,c)
= (aa,ab,ac)
4. Sum of vectors (Addition)

lf:(a:l.’bl’cl)
G=(a,,b,,c,)
F+G=(a +a,b +b,c +c,)

5. Algebraof Vectors
(1) F+G=G+F (Commutative law)
F+G=(a +a,b +b,,c +c,)
:(a2+a1,b2+b1,cz+c1)
=(a,,b,,¢,) +(ay,b;,Cy)
=G+F
(2) (F+G)+H=F+(G+H) (Associativelaw)
(3) F+(0,00=F
(000)=0 (Additive identity)
(4) o(F +G)=aF +aG
(5) afF =a(fF)
©6) (x+pB)F=aF +pF



6. Norm of scalar multiplication

) o] =[] 7]
2 |F|=0 1t F=0

HIEH:\/a2+b2+c2 =0
= a=b=c=0
=(0,00)=0

7. Parallelogram Law for Vector Addition

mall

F+G=G+F

8. Standard representation of Vector or Cartesian Vector form
F=al +bj +ck
where i =(1,0,0), j=(010)and k =(0,01) are unit vectors,
which represent the directions of x, y, z axes, respectively.

Z
(o,
K0,0,1) /.
11,0,0) Jﬁmmb
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5.2 Dot product
1. Dot product (Scaar product, inner product)
The dot product of vectors F and G isthescaar.
FeG=aa,+bb,+cc,
2. Properties of dot product
(1) FeG=GeF (Commutative law)
F oézaia2 +bb, +cc,

=aa, +bb, +c.c,

= .lf
2 (F+F)eG=(FeG)+(A+G) (Distributivelaw)
(©)) oz(lE G) ( Fe )zﬁO(aG) o : scalar



(5) FeF=0 iff F=0
3. Geometrical interpretation of dot product

G G B F F= (a,by,c)
0 G=(a,b,c,)

AN

F

(1) Determine the angle between vectors (Law of cosine)
j6f" + | - 26| cose <o - F["
|6-F|" =(G-F)eG-F)=|6] ~2FG +|F[
.= 2|G||F|cost = —2F « G
FeG

= C0SO = ——
GlIF

.". 8 = angle between the two vectors

= cosl(li;?}
|GJIF]

(2) Orthogonal vectors
A. Two nonzero vectors F and G are orthogonal iff F eG =0

FeG= ||If||||(§|| cosd =0

— orthogonal
CJFl o)) 0 GL%
..cosf =0, 6=90° —

F

B. 0eF =0 forevery F



= zero vector O orthogonal to every vector.
Ex. Two lines

L, :(2-4t,6+t,3t)
L, : (-2+ p,7+2p,3-4p)

L LL,?
Sol: point of intersection of L, & L,
t=0-—(2,6,0)
t=1-(-27,3)
{ p=0-(-27,3
p=1-(-19-))
F =(4-1-3)
G=(12-4)

"FeG=4-2+12=14=0

SoLisnot L L,
(3) Equation of aplane

P=(xv,2) —(ab,c) = (x—a)i + (y—b)j + (z— )k

Noniiniink N
! 2] 3 Ax(X,y,z) %
Lo P
N L Plane =
Pda,b,co

—_

.".any vector on plane 7 isorthogonal to its normal vector N

—_— —

S.P-N=0

Son(x=a)+n,(y-b)+n;(z-c)=0
= nX+n,y+nz=na+nb+n,c
4. Cauchy-Schwarz inequality

F-&s[Fll



.7 cosO = i
Fll<]
—1<cosf <1
= [Flel=F-e<[Fle
5.3 The Cross Product

1. Cross product
The cross product of vectors F and G isthevector

F xG = (bc, —b,c)i + (a,¢, —ac,) | +(ab, —a,b)k

b, ¢, a G

(i) FxG=(ai+b,j+ck)x(a,i+b,]+c,k)
= alazfxi+a1bzix]+alczixﬁ
+ba, jxi+bb, jxj+bc,]|xk
+c1a2Exf+qb2ExT+qc2RxE
2. Properties of cross product

Q) FxG=-GxF (Anti-commutativity)
2 FxG orthogonal to both F and G

& bog

pf. F-(FxG)=la, b ¢|=0
a, b, c
a, b, c,

G-(FxG)=|a, b g|=0
a, b, c,

@ [F =6~ [F|G]sne

—  —2 —12(|—1|2 — —
FxG| =|F| |G| —(F-G)?
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T 0L0<r

(4 FxG=0 iff FIIG

FxG

=[Fllslsne [Fl=o e

.sn@=0,0=00rrn
~FIIG
(5) Fx(G+H)=FxG+Fx (Associativity)
(6) a(FxG)=(aF)xG =F x(aG)
3. Planedeterminedby F and G
. F£0,G=20,F =G

N Normal vector N =F xG
2 _PXY.2 Equation of plane
ﬁ; N-P=0=(FxG)-P
v
Ex.5.11
Given: X C (137 Find: equation of plane =
X Bl |-
Sol- X (]2 ]) F=(-2-12)
N G=(-3-4-3
ST =74 N=FxG
7 = }
= i k
NGl _l-2 -1 2|-1-12]+5k
= 3 -4 -

.".Equation of plane =
N-P=(11,-125)-(x-1Ly-2,z-1)=0
= 11x-12y+5z=-8

4. Area of parallelogram

AN

F

Area Formula of geometry

Area=|F|h=|F|c]sno =|F x|



5. Volume of parallel epiped

/ V = areaof base x atitude

- [ s
= = [F-(FxG)
6. Scalar triple product
a; by ¢

5.4 Vector space R"
1. n-vector
An n-vector is an ordered n-tuple ( X;,X,,X; -+ X, )

Where x; isared number (n>2)

The set of al n-vectorsis denoted R"
R?: set of order pair (X, y)
R®: set of all 3-vectors
R*: set of al 4-vector (u, v, w, S)
2. Algebraof R" (vector operation)
(1) Addition of n-vectors
( Xqy %oy Xy ooee X, )+ (Yys Yoy Ygoooe Vo) = (X + Y% +Y,

3. Properties of n-vectors
(1) F+G=G+F
(2 F+(G+H)=(F+G)+H
(3 F+0=F
(4 (a+pP)F =aF + pF
(5) (aB)F =a(pF)



(6) a(F +G)=aF +aG
(7) 0=0
Because of these properties of addition of n-vectors and multiplication by scalar,

R" iscaled vector space or real vector space.
4. Norm of n-vector

n
[Cpionrees xn)||:\/x12+x22+ ----- X2 = > x°

5. Dot product of n-vectors
( X4y Xy, Xg oo X, ) - (Y, Yo Yoo Yo ) =X Y, + XY, +oeeee X Yn
A. properties of dot product of n-vectors
(1) F-G=G-F
2 (F+H)-G=F-
(3) a(F-G)=(aF)-
4 F-F=|F
(55 F-F=0 iff F=0
Notes:
(1) No parallegramlaw in R"
(2) No higher dimensional analogue of the cross product (n>3)

(3) No general version of the law of cosinein R"
B. Cauchy-Schwarz inequality

‘E-é < HEHH@H (Purely computational proof) Refer to P224

C.Angle 6 between n-vectors Fand G

E¢O,E¢O

2

cosezf'—G 0<0<nr

IFINGI S

IEorthogonaI to G iff F-G=0

6. Standard representation of vectorsin R"

—

F=(X,X5,,X,)

—_—

. . n
=X,€+ X8+ X, €, =) X,

where e, =(1,00,--,0) , €, =(0,10,-0) , ...



And e? =(0,0,0,---,1) aremutually orthogonal unit vectors which define the

—

ndirectionsof F

N {1 i=]
€ €= o
0 i#]

7. Subspace of n-space

A set sof vectorsin R" iscalled asubspace of R"
If (1) 0eS

(2) (F+G)eS when F&GeS
3 aFeS a:red number
Ex. Given: S= {F|FeR"|IFl=1]

Find: IsSasubspaceof R"

(1) [o]=0=1 0eS
Sol: (2)HE+E2’H¢1 F+F ¢S

(@)[aA =lu|A =le|#1 aFes
~.S isnot asubspaceof R”

Ex. Given: k= F|FeR*F=a(-14,20)]
Find: Isk asubspace of R* ?

Sol: (1) 0=0-(-1,42,00=0 Oek

@ F+F =a,(-1,4,20)+a,(-1,4,20)

=(a, +a,)(-1,4,2,0) = a(-1,4,2,0)
E; + E; ek

(3) BE = Ba,(-1,4,2,0) = a(-1,4,2,0)
BF, <k

-.kisasubspaceof R*

5.5 Linear Independence and Dimensionin R"
1. Linear combination of n-vectors



_—

qﬁ+c2€+...+ck F.
F—ke R"

Here <k=12,...
Cj = scalar

EX :
F,=(-2410) F,=(11-17) F,=(8000) eR*
Linear combination?

¢, (-2410)+c,(L1-17)+c,(8,0,0,0)

2. Linear Dependence of n-vectors

ﬁgﬁ arelinear dependence

if there arereal number C, not all zero such that
qﬁ+czg+...+ckﬁ =0

EX:

F,=(-12000) F,=(3-6000) eFR°

linearly dependent

Sol © Let qﬁ+czg+...+ck€:0

{—cl+303:0 . _ 3
1 2

2c,—6¢c, =0
Take ¢, =3 ¢, =1 notal zeros

E; andEé are linearly dependence

3. Linear Independence of n-vectors

—_—

Fl,Fz,...E,; are linear independence i ff qu + CZE; +..t ckEl; =0

canholdonlyif adl C, =0

EX:



e R®

{ﬁ =(1.00)
F,=(010)
Sol © Let 01E1+02€ =0 =C,=C,=0=> Eandﬁ linearly independent
4. Condition for linearly independent
F.C+F,C,+--+F,C, =0

1) :F21C1 +F,C,+---+F,C, =0
'FlnCl +F,C +--+F,C, =0
Solve above system of equation to obtainC,,C, ---C,
IfC,=C,=---=C, =0 thenareF,,F,---F_ linearly independent, otherwise linearly
dependent.

(2)F,,F,---F, vectorsin R" arelinearly dependent if

| . No Ifj is zero vector, and

II. If the j™ component of one vector isits first nonzero component, then all
other vectors have component j equal to zero.

Ex:
F, =(0,4,0,0,2)
F, =(0,0,6,0,-5)

F, = (0,0,0-4,12)
Sol ;

C,F, +C,F,+C,F, =0
4C, +0C,+C,; =0
0C,+6C,+0C,=0=C,=C,=C,;=0
0C, +0C, —4C, = 0= linearly - independent

(3)LetF,,F,,---F, bemutally orthogona nonzero vectorsinR". ThenF ,F,,---F,

are linearly independent
Ex



)
)

= (-4,0,0) 1 F, =0
-, =(0,-2) - -F, =0 = linearly independent.
= =(012) F,F,=—2+2=0

5. Basis

Sisasubspace of R"

F,,F,,---F.in Sform abasis for Sif
(1) F,,---F, arelinearly independent.

(2)Every vector in Scan be written as alinear combination of F,,---F,
Ex
Cartesion unit vectori, ],k inR"
Isi, ],k abasisforR"?

Sol
r = (110!0)
] =(010)
k = (0,02

Ci+C,j+Ck=0>C,=C,=C,=0

~.1,],k linearly independent
=T, ],k form basis for R®
any vector F = (x,y,2)inR?
F =(xY,2) =(x0,0)+(0,y,0) + (0,0, 2)
= X(1,0,0) + y(0,1,0) + (0,0,
X +Vj + 2K

6. Dimension of a subspace
the number of vectorsin any basis of subspace of R".

EXx.

R®=> Dimension 3
" Basis:i , ], k
Ex

Rn => Dimension n



BaSiSIél,éz, é3, ... En

Ex

S{F | F :(xv,20,xy,x+y, z) in R’}

1. Is S a subspace of R°
2.Basisof S
3. Dimension of S

Sol:

1. Subspace of R°
Ax=y=z=0 ""F=0¢& S
B’ E]_:(X]Jyjjoaxl_yl’xl-i_yl’zl)

F, =(X2,y2,O,X2—y2,X2+ yz’zz)

+F = 06+, Y+ Y5006 %)= (Y + Yo b (% + %)+ (Vs + Y,) 2+ 2,)
=(X,¥,0,x-y,x+Yy,2)eS

ST

C, aFl = (ax,, ayl, 0, axl-ay, axl+ay, azl)

(x,9,2,0,xy, x+y,2) € S
= S is subspace of R’

2. Basis of S in K

(x,9,z 0, x-y, X+y, 2)

= (x,0,0,x,x,0) + (0,y,0,-y ,y+0) + (0,0,0,0,0,2)
=x(1,0,0,1,1,0) + y(0,1,0,-1,1,0) + z(0,0,0,0,0,1)
=X& + Y&, + 28

&,8,,8 formof abasisof SinR°®

3. Dimension of S, D = 3



