Chap4 Series Solutions
4.1 Review
(1) Power series

z\gc:Cn(x—a)n

a: center of series
Cn: coefficients
(2)Absolute convergence

Suppose iCn(x—a)” convergesfor x =x; » a

N=0

Then the series converges absolutely for all x suchthat |x—a| <|x—4

or >'/Cn(x-a)"| converges
N=0

(3)Ratio test for convergence of series

. |C.(x=a™| . |C., . .
- L S —mlix—a)=L if L<1 then the series converges
InLrP C,(x-a)" 'JII‘ C, -2 g
. |C 1 .
~ lim gl (x—a)<lor (x-a) < =R HereR =radius of
e lim[2*(x-a)

convergence

Ex: geometric series

liz x" =1+ x+x*+K theseries converges if
=X n=0

X < 1 =1=R

il S
lim|-~|(x-2)

N—o00

n

EX:
n 2 n

o X X X .
e => —=1+x+—+K +—+K radius of convergence R
= n 2 n!



i sl (x—2)*" Interva of convergence ="?
n=0

(n+1)9"
G (x—2)%D
_ _ . |(n+2)9™
Sol. Using rétio test we have|im .
n—ow (_1) (X _ 2) 2n
(n+19"
- |=(n+] 2
= -2
In'[D(n+2)9|X |
:I- n+1 | _ |2
Moni2
_1 2
=5h-2

The series converges if é|x— 2°<1
or [x-2°<9

x-2/<3

or-3<x-2<3
-1<x<5
Interval of convergesif x < -1 or x > 5 series diverges
(4) Operations of power series
A. Add and Subtract

FO) =Y a, (x=x)"
903 = b, (X~ %)’
FO)+9(¥) = (@, £b,)(x—%)"

B. Multiplication
(8 keF(x)



ke F()= F(x) = 3 ka, (X %,)"

n=0
k = constant

(b) (Fo)(¥)=F()g(x)
F()9() = (gan(x— xo)“)(nzi;)bn(x— %)") = gcn(x— %)"
When ann“anbn j

(c) Term by] _t(;arm differentiation

F()=Ya,(x-x)" converges

F'(X) = i na,(x-x,)"" converges
n=0

F'(x) = n(n-Da, (x— %)™ 2

A
FY(x) =3 n(n-DK (n—k+Da, (x—x,)™*

(d) Term by term integration
FO) =38 (x- )"
n=0

jF(x)dx= ijan(x— X,) OX+C

> a
=) T (x=X%,) " +cC
—n+1

(5) Shifting indices
Zw: an Xn :Zw: an+2Xn+2
n=2 n=0



4.2 Power series solution through Recurrence Relations

1. Power Series method
The power series method is the standard basic method for solving
the linear D.E. with “variable” coefficients y" + p(x) y' + q(x) y = r(x)
2. Existence of power series solutions if P(x) q(x) r(x) in D.E.

y'+py +qy=rareanaytic a x = Xo, the every solution of above
D.E. isanalytic at X = Xoand con be represented by a power series

iCn(x— x0) " with radius of convergence R>0.

x=0

3.Examples
() D.E.y’-2xy=0

dy
= J_9
dx Y

Iny=x*+c

yzkexz

Use power series method to solve the D.E.
Assume the solution

y() => a,x"
n=0
Sy ()= na,x" =Y na,x"!
n=0 n=1

CLy-2xy = i na, X" — 2Xi a,x"

n=1 n=0
= na,x"*-> 2a x™
n=1 n=0

:al+zw: na, X" - i 2a,x"*

n=2 n=0

- k - k
=a + Za(kﬂ)x - Z 2a, ;X
kel P

=a + Z[(k +Da,,, —2a, ,|x"

k=1
=0
for nontrivia solution x*# 0



~a,=0
(k+la,,-2a_,=0 k=123..

~a,=04a,,= iak . k=123...

k+1 ™
k=1 a,=4a,
2
k=2 =—a =0
a, 331
2 1
k=3 a,=—a, =
4 4 2 2a0
2
k=4 aszgaszo
.".Solution
y=> ax"

=a, +a,X+a,x* +A
2 4
=a, + X +a,x +A

A a4, % 6
=a, +ayX* +—=x* +2x° +A
0T & o 3

4 6
=a, L+ s X yA
2 3

2.D.E. y'+xy'-y=e*...(1)
p(X) = %,q(x) =-1,r(x) = *
. p(x), q(x), are anaytic at Xx=Xo

.". Power series solution can be expended about x,=0

o0

Assume solution y(x)=>"a x" ... (2)

n=0



y(x)= nax"
n=0
y'(x)= i n(n—1)a,x"2

n

e = i%xn K (3)

n=0 '%

Sub (2) and (3) into (1) to obtain

Shift indicesin 1% term of equation (4) to

zw: n(n-1)a,x"? =>"(n+2)(n+1a,e™

n=2 n=0

.".Equation (4) become

M

I
o

n n=1 n=0

(n+2)n+1)a, x" + i na x" — i ax" = i(i—;jx”
n=0

Collecting term from n=1 on under one summeation, we have

o0

n+2)n+la,,+na,—a, x"+2a,-a, =1+ (3 x"A (5)
nl
n=1 d

n=1

Equate coefficients on both side of equation (5) to yield
2a,-a,=1

(n+2)n+1a,,, +(n-1)a, = %
1
a, = §(1+ ao)
3—| +(1-n)a,
a,,=-—_ _n=123A RecurrenceRelation
(n+2)n+1)

n=l &= (1+2§’(1+1):(332j

9
——a, 2 2 2
n=2 a 2 S 3 3 28 3 l+a

*T(2+2(2+1) 24*3 4*3 4 4 4 4




S _2a,

n:3 a. = 3 — 33 _2*3
* (3+2)3+1) 35*4 5
34
D R S - SO
® (4+2)4+1) @ 6*5 " @
33 3Jl+ay)
& @
N
.".solution

y(x) = D a X" =ay +a,X+3,X +3;X° +a,x* +ax* +A
n=0

=a, +a1x+%(1+ a, )x* +%x3 +(E—ﬁjx4 +A




4.3 Singular points and method of Frobenius
1. Ordinary and Singular points A point X=X IS an ordinary point of

differential equation P(IY"+Q(X)Y'+RX)y=F(X) o

QX RM) . FO)
Y'+POYY' +a(9y = F(X) if p(xo) 20 and PX PX) " PX)  gre anaytic

at Xo, that is p(x),q(x) and f(x) have a power seriesin (X-Xg) with a
positive radius of convergence. A point is not an ordinary point isa
singular point.

EX : Y +&Y'+(SnX)y=0 Ordinary points? Singular points?

p(x) = & }
Sol : 9(X) =SNX] continuous FN for every x

.. p(X), g(x) are analytic for every x every finite value of x isan

y:ian(x_xo)n

ordinary point. Solution can be assumed as n-0 where Xp is
any finite value.

Ex : Y +(nx)y=0
Is x=0 an ordinary pt or singular pt?

d(x) =X |5 not an analytic at x=0
..x=0isasingular pt.
EX : XY'+sinxy=0

Isx=0 an ordinary pt or singular pt?

sin X sinx ,. COSX

q(X)=7=I;ggq(X)=yggT=nggT=l(eXI38)
x2 x> X
sinx X—E-FE—?-F... X2 X4 XG
q(x) = = : =1-—+—-—A
X 3 5 7
sinx

X s analytic at x=0
.. x=0isan ordinary pt.



2. Regular and Irregular singular points
A singular points x=xqof D.E.

P(JY +Q(QY +RXY=F(X) je

said to be aregular singular point if
R(x)

Q(x) —— -
(x—xo)% and (x-Xo)*p(x) areanalytic

At X, otherwise airregular singular point

Ex. X -4°y +(x-2)y +y=0
Singular point? Regular or Irregular?
Sol. P(x) = (x* - 4)*

Q(¥) =(x-2)
R(x) =1

x) = Q) _ 1

P(X) (x-2)(x+2)?
R(X) 1

PO (x*-4)°

- X=2&X=-2 gresingular point

p(

a(x) =

©p(X)&a(X)  grenot analyticat X=*2

Look at
!
(X=2)p(x) = (x+2)?
(x-2%q(X) =—=>

(x+2)°  geanaytica X=2

- X=2 jsaregular singular point

Look at
1
(X=2)p(x) = m
2 B 1
(x=2)°q(x) = x-27

© (x+2)p(¥) jsnot analyticat X=-2

- X=-2 jsairregular singular point



3. Existence of power series solution
If Xx=Xqisan ordinary point of D.E.
Py +Q(X)y +R(Xy=F(x)
Two linearly independent solutions in the form of power series

y = a,(x=%)"
centered at Xo, n-0 can be founded

Ex. ¥ —29=0

Sal.

P(x)=1
Q(x)=0
R(X) = —2x
F(xX)=0

X=0isan ordinary point of D.E.

y —2xy =0

. Solution y(Xx) can be assumed as

Y =Y ax

y (X) = nax"*
n=0

0

y (X) = 3 n(n-Da,x"* => n(n-Da,x"
n=0 n=2

0

=Y n(n-1a,x"? - Zw: 2a x"*

n=2

= 2a, in(n Da x"?* - ZZaﬂxn+1

n=3

a, + Y (k+2)(k+Da X~ 28, X
k=1 k=1

8

8

=2a,+ [(k+2)(k+D)ay., — 28, ]x =

k=1

~2a,=0

(k+2)(k+Da., ~28,=0 11 5

a,=0
2

By =————a, k=123...
or [T k+k+n ™

Recurrence relation



K=l 37 3xp%
2
K=2 * T gx3™
2
= a,=0
K=3 %5
2 B 2°
K=4 % 6><5a3 6><5><3><2ao
a-—2_a __
K=5 T 7x6 0 Tx6x4x3 "
— 2 —_—
K=6 % 8><7a5
2 B 2°
K=7 % 9><8aﬁ 9><8><6><5><3><2ao
23
K=8 ai0:1O><9><7><6><4><3a1
K=9 a, =0
Ly =) ax"
n=0
=a, +ax+ax +a,x +ax’ +......
2 3
=a,| 1+ 2 o, 2 x°® + 2 x°
3x2 6x5%x3x2 Ix8x6x5x3x2
2 3
+ay| X+ G X"+ 2 X
4x3 Tx6x4%x3 10x9x7x6x4x3
=a,,(X) +a Y, (X)
Here
o 2k[1><4><7><...(3k—2)] 3K
X) =1+ X
y2(X) k}; 30!
2 2*2x5x8x..(3k =1 .
yg(X)=X+z [ ( )]X3k1

& (3k +1)!



4. Method of Frobenius (solution about singular point)
If X=X isaregular singular point of D.E.
P(Xy +Q(X)y +R(¥)y=F(x)
then these exists at |east one series solution of the form

Y= (= %) Y e (x—%)" = 3 ¢, (X— %)™

Wherer is aconstant to be determined (r= integer, negative integer or
non-integer)

Ex. Solve 3¥ +Y -y=0
Sal.
P(x) = 3x

Q(x) =1
R(x) =-1

Let
P(x) = 3x =0

= x=0 issingular point
O (x-0)Q(x) = x
(x=0°R(¥) =-X" Anglytic point

- x=0 isaregular singular point
According to method of Frobenius these exists at least one Frobenius
solution about the regular point Xo=0

y(x) — zcnxmr
n=0

y (¥)=> (n+r)C x™""
n=0

Y(X) = i (n+r)(n+r _1)Cnxn+r72

n=0

3y +Y -y
= 3(n+r)(n+r =DC X"+ (n+1)C X" = > C x""
n=0 n=0 n=0

=X {Sr(r DG+ D 3(n+r)(N+ 1 —DC X" +rCox 4+ Y (N+1)C X" =D C x"

n=1 n=1 n=0

n=0

=X {r (3r —2)C x " + i [(k+r+2)(3k+3r+1)C,,, -C, ]x"}

=0

|



= r@r-2)C,=0

(kK+r+)@Bk+3r+1C,,,-C, =0 k=0,12........
2
r(3r—2)=0 rlzg'rfo
2 C
== Cor= o
3 Bk+9)(k+D)  k=0,1.2.....
_CO
K=0 " 5x1
_ Cl _ CO _ c:0
K=1 ? 8x2 (5x1)(8x2) 25x8
_ C2 _ c:0 _ c:0
K=2 ° 11x3 (5x1)(8x2)(11x3) I5x8x11

C = L Co
kI5x8x11x....(3K + 2) k=1,2,3.....
. .2
yl = ZCnxn”l = ZCnX 3
n=0 n=0
r,=0
Cra L
(k+D)(3k+1 k=0, 1, 2...
e G
K=0 "I
_ Cl _ Co _ c:O
K=1 2 2x4 (IxD(2x4) 21x4
C, C, &

K=2 37 3x7  (IxD(2x4)(3x7) Ix4x7



1 C
Ck: ~0
Klix4x7x...(3k —2) k=0,1,2....

) . - 1
Y Cxe =Y Cx"=C,| 1+ X"
Y, (X) ZO B Z(; 0{ S x 4x 7x.(3n—2) }

.". Generda solution y(X) = Clyl(x) +C2y2(x)
Ex. Solve X’y +5xy +(x+4)y=0

y(x) =2 C.x™
n=0

0

i (n+r)(n+r-)C x™" + i 5(n+r)C x™" + Z C XM 4 i AC x™ =0
n=0 =0 ~

n=0

i (n+r)(n+r-1)C x™" + iS(n +r)C X" + icnflx”+r + i 4C X" =0

n=0 n=0 n=1 =0

[r(r =12) +5r + 4]C,x’ +i[(n+ nN(n+r-1)C, +5n+r)C, +C,, +4C K" =0

n=1
r(r-)+5r+4=0
(n-2)(n-3)C,+5(n-2)C,+C,,+4C, =0

1

Cn:_ Cn—1
Or (n-2)(n-3) +5(N—-2) + 4
Cn:_izcn—l
n for n=1,2,3...
C, =-C,
1 1 1
CZ:_ch_ZCO_W 0
1 1 1
3 9 2 4X9 0 (2)(3)2 0
1 1 1
4 16 2 4x9x16 ° (2><3><4)2 0
a1
Cn = (_l) (n|)2 CO
1 1 1 o 1
X)=Co| X2 =X+ =X+ —X+....|=Cy » (-D" X"
Y 0[ 4 36 576 } N



4.4 Second Solution and Logarithm Terms
1. Indicial Equation

If D.E. y'+p(X)y+q(x)y=0 hasregular singular pointat x=0. Then

multiplied
by x*, we have

X2y'+x2p(X)y+x*q(x)y=0 or
x*y'+xa(X)y'+b(x)y =0

where a(x)=xp(x), b(x)=x*q(x) areanayticatx=0. Therefore
a(x) = Xp(X) = Py + PX+ PX° + ...

b(x) = x*q(X) = gy + 9y X + 9, X° + ......
Assume Frobenius Solution

y(9) =Y c,x™
n=0

n=0

XY xa(X) y'+b(X)y
=X[r(r=2)c, +(r +DreX+....]+ X [Py + pX+ P, X° +...][rc, + (r + e X +......
+ X' [Qy + O X+ O X% + .. ] [Co + O X+ ]
=X[r(r=2)+rp, +d,]c, + X" [r(r +0) + py(r +0) +q,]+c,[rp, + g1}
+ XS [(r +D(r +2)+ py(r +2) + g ]+ [ py(r +1) + gyl +Co[rp, + a1} +......
Let f(r)=r(r-+ p,r+q,

g,(N=p,(r-n+q, n=1,2......



r+1

SOy xa(x) y+Ho(x)y = f(r)ex” +[c, f(r +1) +c,g, (r +D]x

r+2

+[f(r+1c, +g,(r +2)c, +g,(r +2)c,]x

A

+[f(r+m)c, + > g,(r+m)c, ] x*"
n=1

\
=0

Let f(r)=0, namely
r(r-9+p,r+q,=0 Indicial equation

and all coefficient of each term are zero, then we have (c,#0)

f(r+c, =-g,(r+c,
Recurrence Formula

f(r+mc,=->.g,(r+mg,, m=1
n=1

2. Cases of indicia roots

Suppose r, and r, arered rootsand r, >,

(1) Case 1, distinct roots not differing by an integer, r,#r,, r,—-r, € |
Two linearly independent solutions exist
Y=Y X" ¢, #0
n=0

y2 = ZCnerz bO #O
n=0

Ex. Solve 2xy'+(1+x)y+y=0

Sol.
x=0 isregular singular point
.". Frobenius Solutionis

y(9) =Y c,x™
n=0

2" +H(L+ X)) Y'+y



=X +H{r(2r =X+ D [(K+T +D(2k+ 2r +1)c,,; + (K+1 +1)c, ]x}

k=0
=0
Indicial equation
r(2r-1=0)
1

r1:§, r,=0

n—r,= % Z#Integer

Recurrence formula
K+r+1
Ck+1 Ck
(K+r+D(2k+2r +1)
1 k+3

rn=—

C, =— = k 5 9 & ceeens
2 T (k+3)(2k+2) ¢

ACES COZ(—]_)“ﬁ x"?  convergesfor x=0
n=0 -

=0 Gu=— K1 o k=0,1,2......
(k+)(2k+])

. _ S (_1)n n
Y, (X) = ¢l ;1X3X5X7XAA @D x"] convergesfor |x| <oo
.".on (0, )

y(X) =cy, +C,Y,

Case2,r,-r,=1, | isapositiveinteger.
r=rn 3/1()()22(:nxn+r1
n=0

r=r, Y,(X)= chxmrz = chxnﬂrl = ch—l X" € Y1 (X)
n=0 n=0 n=I

y,(¥) & y,(x) arelinearly dependent

.".Only one solution 'y, (x) = icnx”*’l IS obtained.

n=0
Y, = X*(C, + ¢, X+C,X* +......) i1Sknown, so the second solution vy, (x)
can be obtained by using "Reduction of Order"
Y, (X) = U(X) y1(x)

Y,'(X)=u'y, +uy,’



Y,"(X) =u"y; + 20"y, +uy,”
Substituting above equations into the D.E.

x*y" (X) + xa(x) y'(X) + b(x) y(x) =0, we have

X2 (U'y, +2ut YUy, ) + xa(x)(u'y; +uy; ) +b(u(y,)
= X2 y,u"+2x7y, 'u+xa(x) y,u'
=0

Divided by x*y yield

u"+[2£ + ﬂ] u'=0
X

a(x) = Py + PX+ PoX° ..

n+r)c x™nt
Y nZ(;( G _ X"Hre, + (r, + e, X +......] _h,
Yi x n+r Xrl[CO +C X+...... ] X
C,X
u+[ﬂ+ ...... +&+pl+ ...... ] u u+[2r1JrIOO ...... Ju=0
X X

From indicial equation, we have
r(r+2)p,r+q,=0

r’+(p,-Yr+q,=0
{ r1‘*"’2:_(po_1)

L, =0o
rn—r,=I (r,=r—1)
L l-py=nAr =+ -1 =2r -1
r+p,=1+1



CIEY
=In

R (rp,—=r,=1=N)

I .
n

n=0
o1 2
CooU=E— g (kg HR KX L)
X
u(x) = (- ko _ +ky InX+Kyy +....0)
- NXN IIIIII N N+l ------

.". Second solution
2 (X) = U(X) y1(x)

=(- NkON — et Ky INXAH K g X ) XE(Cy + C X+ C X+ i)
X
=(- NkON et Ky X )X (Cy + O X+ X+ ) + Ky (INX) Y (X)
X
=x" (—% o= Ky XN K XN L)X (G O X ) K (INX) Y (X)

= X" (b, + b x+b,x% +.....) + k (InX) y, (X)

Ky (INX)Y, () + = b,x" O

n=0

Y, (X) = kN (I n X) yl(x) + ibnxnﬂ2

n=0
Then, substitute y,(x) into the D.E. and obtain an equation for k,
and arecurrencerelation for b,.
If k,=0, asecond Frobenius solution vy, (x) = ibnx””z IS obtained;

n=0

If k,#0, then second solution has a logarithm terms.

Ex. Solve x*y'+x’y'-2y=0
Sal.
y() =Y e, x™

n=0

n=0



n=0

CLOXYXPY'-2y

=[r(r-1)—-2Jc,x" + i[(n+ r)(n+r-Yc, +(n+r-Ic, , —2c,]x""

n=1
=0
Indicial equation
r(r-1)-2=0

n=2, r,=-1

r,—r,=3=Integer

Recurrence formula

(n+r)(n+r-Yc, +(n+r-Yc,,-2¢c,=0 n=0,1,2......
n=2 c, :—n—Jrlcml n=0,1,2......
n(n+3)

°.-yl(X)ZCoX2[1—1X+iX2—iX3+ Y S VI SV I
2 20 30 168 1120 8640

r,=—1 (n-Y(n-2)c, +(n-2)c,,-2c,=0 n=0,1,2......
. <1
. -yz(x):%;"'cl

X (20,x7%) + X (—Cpx?) = 2(c, + ¢ %) =-C,—2c, =0

yz(x)=c;(§—§)



EX 4.15
DE xy'-y=0

Sol: x=0isregular singular point Assume Frobenius solution y(x)

_ Zw: Cn XM
n=0

Substitute y(x) into D.E. and shift indices to have
(r2=rlex+ i[(n+ r\n+r-1c, —c,, X" =0 =0

n=1
Indicial equation r*-r=0
Recurrencerelation
1
(n+r)n+r —1)(:"’l
Two roots for indicial equation are

C =

n=1, 2...

rn=1r,=0and r-r,=1 eN*

For r=r;=1 we have

_ G —
C”_—n(n+1) n=1, 2...
After tedious calculation, we finally have
-1 ¢ =12
ni(n+1)!

-. Thefirst Frobenius solution is

Y1 (X) = XrlZCan

- Z:O n'(n+l)I

0

ZO '(n+1)|

Forr=r,=0wehave n(n-1)C,=C,, n=1,2..

. n=1 0=C, Contrary

to the assumption that C, = 0.. we can not find the second Frobenius

solution by simply putting r=r2=0 into the recurrence relation.

Try asecond solution



Y, (X) = k(ln X) yl(x) + i bn X2

n=0

— k(N y, (9 + Y0, x"(r, = 0)

n=0

, Co K S
Y, (¥) = k(nx)y, (X)+;ylzbnn>< '

" " 2k i k e
Y, (X):k(lnx)yl (X)+7 1 2 yl+zb n(n—1)x ?
n=0

XYy Yo
" 2k ’ k N2 © n
=xk(nx)y, T T y1+Zb n(n-)x"*]-k(Inx)y,(x) - > b,x" =0
n=0 n=0
k(inx)[xy; - y,]=0
= 2ky, — K it ann(n ~Dx"? =Y b x"=0
n=0

1 _qy .
Substitute vy, (x) = nz(; " (n ) X (Co=1) into above equation
and shift indices to obtains

k N
(k—by)x +Z{(nl) y——T +n(n+Db,, - } =0
". Equation for k is k-by=0
Recurrencerelation for b, is

&K K nn+Db,-b=0 n=1,2,3.....
(nH)*  ni(n+1)!
Thus, k=bg anq recurrence relation is new are
b.,=—— | _(2n+1k n=1,2,3...

"™ n(n+1) n(n+1)
Choose by =1 then k=1

. 1 _(2n+1) _
.bn+l_n(n+1){bn n!(n+1)!} n=1,2,3......
- 1,3

N=1 bz_z[bl 2}

_ 1 5
N—2 b3 :g[bz —E}



For a particular second solution, let b; =0, obtaining

Y2() =k(Inx)y, + b X" (k=1 b, =0)

n=0

3 7
=(InX)y, +1-=x*——x......
(Inx)y, 2 %

(3) Case 3 Doubleroots r,=r, = 1-p

Il

—
N

|

First solution is
Y, (X) = X"(Cy + C X+ C,X° +......)

Let second solution be
Y, (X) =u(X)y,(x)

. D.E. x’y +xa(x)y +b(x)y=0
Reduces to

u +(ﬁ+&+ p+.Ju =0
X

Nl o
X

Y1

+ (M +o(u =0
X

u_ = —(1 + o(l)}

X

By integration, we have



Inu =—Inx+Ine™

=—Inx+In> kx"
n=0

1, oo

_In{;nzzt;knx}

o1&,

u _;;knx
:i(ko+k1x+ k2x2+...)

U(X) = Koy IN X+ K X+ Ky X2 + ...
second solution y,(X) is

. Y2 (X) = U(X)Y1(X)

Ko (INX)y, (%) + (kix+ K; +A )y, (x)
ko (I X)y, (%) + (kX + kX2 + A K™ (¢, + €, + C,x° +A )
ko (INX)y, (x)+ (X + b, X% + A X

= yY2(X) = ko (Inx)y, (x Zb X"

EX 4.11 and 4.13
X2y +5xy" +(x+4)y=0

o0

Sol: x=0 regular singular point. Frobenius solutionis y(x)=>"c

n=0

n+r

X

n

Sub y(x) into D.E. and shift indices to yield

[r(r —1)+5r + 4Jc,x' +Z (n+r)n+r-2c, +5(n+r)c, +c,, +4c, K™ =0

n=1
Indicia equation r?+4r+4=(r+2)*=0 r;=r,=2 (Double roots)

Recurrence solution
- Cn—l

o = (n+2){n+r-1)+5n+r)+4

For ri=-2wehave c, = —ic n=1, 2, 3...

2 “n-1
n

n=1, 2...

After tedious calculation we finally have

no 1 _
C, = (—1) WCO n—l, 2...
.. The 1¥ solution y,(x) is

g L e
yl(X)—g( 1) o




"r=r,=-2

.".A second solution is of theform y,(x)=y, Inx+ ibnx””l (ko=1)

n=1

Substitute y,(x) and y,(x) into the D.E. we finally have

(bl - 2)X’1 + i 4(_12) + 2(_12 (n - 2)+ (n— 2)(n— S)bn + 5(n_ 2)bn + bn—l + 4bn x"2 — 0
n=2 (nl) (nl)
b-2=0
- b = -1 2(-12)" n=2, 3, 4...
" n(nl)?
n=1 b,=2
1 2 3
=2 b,=——b-—°_=-_2
n 2 22 bl 2(2!)2 4
— _ _i 2 _ £
i P =gt 33)? 108
\
.. Second solution y,(x) is
N h o 2 3. 11
Y,(x)=(Inx)y, + ;bnx 2 =(Inx)y, 2 108t o(XZ)

" y1(x) and y2(x) linearly independent
.".general sol isy(x) =C1y1(X) +Cay2(X)



x2y" + xa(x)y’ +b(x)y

x=0
Ordinary pt.

v

power series

y(x)=> C,x"
n=0

Xx=0

regular singular pt.

A 4

v
Recurrence relation Frobenius Series
<y < y(x)=> Cx™"
n=0
v
Indicial Equation.
(r - rl)(r - rz): 0
[
rn—r,#=N rR—r,=N" rn-r,=0
I I |
Two Frobeneius Sol. One Frobenius Sol. One Frobenius Sol.
yl(x) = Z Cnxm—rl yl(x) = Z CnXn+r1 yl(x) = Z Cn XnHl
n=0 n=0 n=0

y2 (X) = Z Cn Xn+r2

Second Sol.

Y, (x) = i b,x™"% +k, (Inx)y,
n=0

Second Sol.

Y, (X) =k, (In X)Yl + Z b, x"™"

n=1

Recurrence relation
C, C* - b,

n




