
Chap4 Series Solutions
4.1 Review

(1) Power series
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Interval of converges if x < -1 or x > 5 series diverges

(4) Operations of power series
A. Add and Subtract
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B. Multiplication

(a) )(xFk 



tconsk

xxkaxFxFk
n

n
n

tan

)()()(
0

0



 




(b) )()())(( xgxFxFg 















0

0
0

0
0

0 )())()()(()()(
n

n
n

n

n
n

n

n
n xxcxxbxxaxgxF

When 




n

j
jnnn baC

0

(c) Term by term differentiation
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(d) Term by term integration
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4.2 Power series solution through Recurrence Relations

1. Power Series method
The power series method is the standard basic method for solving
the linear D.E. with “variable” coefficients y" + p(x) y' + q(x) y = r(x)

2. Existence of power series solutions if P(x) q(x) r(x) in D.E.
y" + p y' + q y = r are analytic at x = x0, the every solution of above
D.E. is analytic at x = x0 and con be represented by a power series
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4.3 Singular points and method of Frobenius
1. Ordinary and Singular points A point x=x0 is an ordinary point of

differential equation )()()()( xFyxRyxQyxP  or
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positive radius of convergence. A point is not an ordinary point is a
singular point.
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2. Regular and Irregular singular points
A singular points x=x0 of D.E.
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3. Existence of power series solution
If x=x0 is an ordinary point of D.E.
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4. Method of Frobenius (solution about singular point)
If x=x0 is a regular singular point of D.E.
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Where r is a constant to be determined (r= integer, negative integer or
non-integer)
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4.4 Second Solution and Logarithm Terms
1. Indicial Equation

If D.E. 0)(')("  yxqyxpy has regular singular point at 0x . Then

multiplied
by 2x , we have

0)(')(" 222  yxqxyxpxyx or

0)(')("2  yxbyxxayx

where )()( xxpxa  , )()( 2 xqxxb  are analytic at 0x . Therefore
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Let 0)( rf , namely

0)1( 00  qrprr Indicial equation

and all coefficient of each term are zero, then we have ( 0c ≠0)
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Recurrence Formula
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2. Cases of indicial roots

Suppose 1r and 2r are real roots and 1r ＞ 2r

(1) Case 1, distinct roots not differing by an integer, 1r≠2r , 21 rr  I

Two linearly independent solutions exist
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Ex. Solve 0')1("2  yyxxy
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0x is regular singular point
Frobenius Solution is∴







0

)(
n

rn
n xcxy

∴ yyxxy  ')1("2



}])1()122)(1[()12({
0

1
1

0 





 
k

k
kk

r xcrkcrkrkxcrrx

0

Indicial equation
)012( rr

2
1

1 r , 02 r

2
1

21 rr ≠Integer

Recurrence formula

kk c
rkrk

rk
c

)122)(1(
1

1 


    k=0, 1, 2 ……

2
1

1 r kk c
kk

k
c

)22)(( 2
3

2
3

1 


    k=0, 1, 2 ……

∴ 





0

01
2
1

!2
1

)( )1(
n

n

n

n
x

n
cxy converges for x 0≧

02 r kk c
kk

k
c

)12)(1(
1

1 


    k=0, 1, 2 ……

∴ ]
)12(7531

)1(
1[)(

1
02 



 



n

n
n

x
n

cxy


converges for |x|＜∞

      on (0, ∞)∴
2211)( ycycxy 

Case 2, Irr 21 , I is a positive integer.
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"''2")(" 1112 uyyuyuxy 

Substituting above equations into the D.E.
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Then, substitute )(2 xy into the D.E. and obtain an equation for nk

and a recurrence relation for nb .
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EX 4.15

D.E. 0 yyx

Sol: x=0 is regular singular point Assume Frobenius solution y(x)
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For r = r2 = 0 we have 1)1(  nn CCnn  n=1, 2… n=1 0=C0 Contrary

to the assumption that 00C we can not find the second Frobenius
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For a particular second solution, let b1 =0, obtaining
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By integration, we have
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EX 4.11 and 4.13
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r∵ 1=r2=-2
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Second solution y∴ 2(x) is
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y1(x) and y2(x) linearly independent∵
general sol is y(x) =c∴ 1y1(x) +c2y2(x)
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