
Chap4 Series Solutions
4.1 Review

(1) Power series
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a : center of series
Cn : coefficients

(2)Absolute convergence
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Sol. Using ratio test we have
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or 2
2x <9

2x <3

or -3 < x-2 < 3
-1 < x < 5
Interval of converges if x < -1 or x > 5 series diverges

(4) Operations of power series
A. Add and Subtract
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B. Multiplication
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(c) Term by term differentiation
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(d) Term by term integration
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(5) Shifting indices
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4.2 Power series solution through Recurrence Relations

1. Power Series method
The power series method is the standard basic method for solving
the linear D.E. with “variable” coefficients y" + p(x) y' + q(x) y = r(x)

2. Existence of power series solutions if P(x) q(x) r(x) in D.E.
y" + p y' + q y = r are analytic at x = x0, the every solution of above
D.E. is analytic at x = x0 and con be represented by a power series
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3.Examples
   (1) D.E. y’ - 2xy = 0

=> xy
dx
dy

2

㏑ y = x2+c

2
xkey 

Use power series method to solve the D.E.
Assume the solution
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2. D.E. xeyyxy 3 … (1)
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∵ p(x), q(x), are analytic at x=x0

∴ Power series solution can be expended about x0=0

Assume solution 
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Sub (2) and (3) into (1) to obtain
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Shift indices in 1st term of equation (4) to
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Collecting term from n=1 on under one summation, we have
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Equate coefficients on both side of equation (5) to yield
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4.3 Singular points and method of Frobenius
1. Ordinary and Singular points A point x=x0 is an ordinary point of

differential equation )()()()( xFyxRyxQyxP  or

)()()( xfyxqyxpy  if p(x0) ≠ 0 and )(
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are analytic

at x0, that is p(x),q(x) and f(x) have a power series in (x-x0) with a
positive radius of convergence. A point is not an ordinary point is a
singular point.

EX： 0)(sin  yxyey x
Ordinary points? Singular points?

Sol： 
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any finite value.

EX：   0ln  yxy

Is x=0 an ordinary pt or singular pt?

xxq ln)(  Is not an analytic at x=0

∴x=0 is a singular pt.

EX： 0sin  xyyx

Is x=0 an ordinary pt or singular pt?
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2. Regular and Irregular singular points
A singular points x=x0 of D.E.
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3. Existence of power series solution
If x=x0 is an ordinary point of D.E.
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Two linearly independent solutions in the form of power series
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4. Method of Frobenius (solution about singular point)
If x=x0 is a regular singular point of D.E.
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then these exists at least one series solution of the form
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Where r is a constant to be determined (r= integer, negative integer or
non-integer)
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Analytic point

0x is a regular singular point
According to method of Frobenius these exists at least one Frobenius

solution about the regular point x0 =0
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4.4 Second Solution and Logarithm Terms
1. Indicial Equation

If D.E. 0)(')("  yxqyxpy has regular singular point at 0x . Then
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2. Cases of indicial roots

Suppose 1r and 2r are real roots and 1r ＞ 2r

(1) Case 1, distinct roots not differing by an integer, 1r≠2r , 21 rr  I

Two linearly independent solutions exist
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EX 4.15

D.E. 0 yyx

Sol: x=0 is regular singular point Assume Frobenius solution y(x)
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For r = r2 = 0 we have 1)1(  nn CCnn  n=1, 2… n=1 0=C0 Contrary

to the assumption that 00C we can not find the second Frobenius

solution by simply putting r=r2=0 into the recurrence relation.
Try a second solution
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For a particular second solution, let b1 =0, obtaining

2

0
12 )(ln)( rn

n
n xbyxkxy 




 (k=1 b1 =0)

......
36
7

4
3

1)(ln 32
1 xxyx 

(3) Case 3 Double roots
2

1 0
21

p
rr




First solution is

......)()( 2
2101

1  xcxccxxy r

Let second solution be
)()()( 12 xyxuxy 

D.E.∴  0)('''2  yxbyxxayx

Reduces to

0))1(
2

(

)1(

0...)
2

(

'01''

1

1

'
1

'
1

0

1

'
1''










uo
x

pr
u

o
x
r

y
y

up
x
p

y
y

u









 







 






1
1

01
1

12
2

1

'

''

'''

01

0
1

o
xu

u

uo
x

u

pr

p
r

By integration, we have
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EX 4.11 and 4.13
  0452  yxyxyx

Sol: x=0 regular singular point. Frobenius solution is 
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Substitute y2(x) and y1(x) into the D.E. we finally have
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Second solution y∴ 2(x) is
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y1(x) and y2(x) linearly independent∵
general sol is y(x) =c∴ 1y1(x) +c2y2(x)
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