Chapter 12

Vector Integral Calculus



12.1 Lineintegra
1. Curvein 3-space
(1) parametric equation

C:x=x(t)y=y(t)z=zt)a<t<b

initial point (x(a), y(a), z(a)

final point (x(b), y(b), z(b))

Ex. Curve:C, : x=2cost,y =2sint,z=4,0<t<2n
Curve:C, :x=2cost,y=2sint,z=40<t<4r

(2) Continuous
X (t)»Y (t)»Z (t) arecontinuousonas<t<b
C,: X=2cost »Y=2s8nt »Z=4;0<t<2n
s 2cost 0 2snt 04 continuous on 0<t < 27
C, iscontinuous

(3) differentiable
X (t)»Y (t)Z (t) aredifferentiable

(4) Smooth (No sharp pointsor corners)
X (t)Y (t)» 272 (t) arecontinuousona<t<b andnotal zero
C,: X=2cost »Y=2s8nt »Z=4;0<t<2rn
X’=-2cost ,Y’=2sint, Z’=0arecontinuouson0<t<2r
= Curve C, issmooth

(5) Position vector of curve
R(t) = x() + y(t)] +z()k > a<t<b
For smooth curve » R(t)= 0 and continuous

(6) Closed curve

Initial and terminal are the same

Ex: C,:X=4cost » Y=4sint - Z=4 >0<t<3n
:X=4cost ' Y=4snt »Z=4 >0<t<4r
: not closed curve
: closed courve
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2. LineIntegrals of vector Field

(1) Defintion
Thelineintegral of vector field F(x,y,z) over asmooth curve ¢ isdenoted
[FedR andisdefined by

[ 2F(x(t), y(0), 2(1)) - Ret) it

where R(t) isposition vector of asmooth curve ¢ for a<t<b » and
F iscontinuousat pointson c.
E.dr=F Ry
dt
=F-Rdt

Ex : Evaluate jlfodﬁ

Where F = xi —yZ +e%k
c:x=t},y=-t,z=t0<t<1
Sol : R{t)= t% —-{j +tk;0<t<1
F(t)= xi —yZg +e’k
=t —(-t)- ()] + €'k
=t +t%] +e'k

jﬁ-dﬁ:jgﬁ-ﬁe‘dt=jg(t3,t2,et)-(3tz,—1,1)dt

=jg(3t5 —t2 +e)dt

5
=-=+e
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(2) Piecewise smooth curve (or Path)
A curve where position vector R(t) is continuous and tangent vector
R(t) iscontinuous and different from zero vector at all but possibly a
finite number of valuesof t.

(3) lineintegral to piecewise smooth curve

J-'E'dﬁ:J-cllf-dﬁﬂ.czlf-dﬁ ........ +Icn|f-dR

where ¢ isa piecewise smooth curve, consisting of smooth curves

C > J=123, . ,n,and F isacontinuous vector fieldon c.



(4) Physicd Interpretation
Lineintegral of vector field j F edR can beinterpreted as the work done

by aforce F in moving the particle over the path c.
dR : displacement of particle
work=dU = F edR
U=[du=[FedR
Ex : Given : Force F =1 —yj+ xyzk
curve C : x=t,y=t*z=t0<t<1
Find : work doneby force F in moving aparticle along curve
Sol : work:jﬁ-dﬁ:jgﬁ-ﬁ'(t)dt
R(t) =ti —t?] +tk
R(t)=7 -2 +k
F(x(), (1), 2(1)) =T - yj +xyzk
=i +t?] -tk onc
.-.jgﬁ-ﬁ'(t)dt :jg(l-zt-t“)dt:%
(5) Properties

i.[(F+G)-dR=[ F.dR+[ G-dR
ii.fc(lf)-dﬁzj'clf-df{ a :any number

iii. [FedR=-[ F-dR

3. Line Integrals of scalar field

f(x, v, Z)ox+ gy, Z)dy+h(x, y, 2)dz

O'—;
QD ey T

- { X(), y(t), z(t)) +g(x(t) y(t), z(t)) +h(x(t) y(t),20)— }

where f, g and h are continuous functions on curve ¢ having parametric functions
x=x().y=y(t),z=z(t) for a<t<b,
If

F(x,y,2)=fi +gj+hk R=xi +yj+zk



then
F-dR= fdx+ gdy + hdz

SO

j(fdx+ gdy + hdz = j FdR)

;\nother way of line Icntegral of avector field
4. Lineintegra writ Arc length

(1)Definition

j f(x.y.2)ds= j f(x(3), Y(3), 2())ds

~ [ £x0, y(©), 20| R

Where c is smooth curve and f(X,y,z) is real-valued function
If

c=R(t)=xt)i +y({t)]+zt)k for a<t<b

then arc length s(t) dong cis

s = [|R])dg

. Os _
Tt

R|=(x@®)* +(y' (1) +(Z (1))

Hencej f(x,y,2)ds= T f(x(t), y(t), z(t))%dt

- T f(X(0), y(0), 2(0)|R ot



(2) Engineering Application
(i) mass of awire

mass = [ 5(x, Y, 2)ds = [ §(x(t), Y(t), (O (X (D) + (y'(©)* + (Z(1)* e
where 5(X, Y, z) isthe density of the materiral
(i) center of mass of the wire

Y=£J'X5(x,y,z)ds
mC

1

y==[y5(xy,2ds

mC

_ 1

Z= —jza(x, Yy, z)ds
mC

m:j5(x, Yy, 2)ds

12.2 Green’s Theorem

1. lineintegral along ssmple closed cures
§F-dR=§f(x y)dx=g(x y)dy

(1) positive orientation of closed curve C

cx=x(t) > y=y(t) » 25tSD intheplane

(X(t) > y(t)) moves around C counterclockwise.

(2) simple curve
same point cannot be on the curve for different values of parameter.

(3) smple closed curve
A closed curve where initial and terminal point are the only point
that coincide for different values of the parameter.

2. Green Theorem on the plane
(1) Definition



J'If-*—jfdx+gdy

_”[ag o in

Where C = asimple closed positively oriented path
D =cU interior of c
FOy) = fx Y +9(xy)]

and f,g,g—g,i are continous on D
X

(2)Applications
(i)Convert adifficult integration into an easier one

EX: Force F = (Y—X?€)i +(cosy? -x)]
f(xy)=y-x’e"

g(x,y) = cosy’ — x

a_, 984

oy ' ox

From Greens Theorem
§=F-dR= jj[a—g-ﬂ]dA —2”dA

(if)Evaluate general line integral
| : § 2xcos(2y)dx — 2x? sin(2y)dy

C :any poisitively oriented path

a9 _of _

ox oy
_J‘J‘[a_g_i]dA:o

12.3 Independence of path and potential Theory
1. Conservative Vector Field
(1)Definition
Vector field F iscalled conserraliveif F =V¢
Scalar field ¢ iscalled a potential ( function) for F

(2)Lineintergrd



9 dx  0¢dy _ do(x(t), y())
ox dt oy dt dt

A
_ Ic F 4 R _I: F

~F(x@),yt)-R(t) =

X(®Y(®

b d¢ a
R (t)dt—L @ I af - ¢<><(t)v(t>>-[ ¢

(X(b),Y (b)) ¢ (X(a).,Y(a))

2 Independence of path
Q) Definition

Ic F>d R)

path in D if theintegral has the same value over
any pathin D for Pt,Po to Pt,P1

—> ng'

2 lineintegral closed path if F 7 _

B independent of

N

is independent of

pathin D . If Cisaclosed path in D,then

Ic F >d R >:0

(©)) Criferion of aconservatre field vecfor field

— —
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conservativerson aregion R if and only if , at (X,y)

inR
dg_ot
OX oy
> >

= d R =f(x.y)dx+ g(x,y)dy
9

0 X oy

6— — f, 8—(0 = g

12-4 Surface Integrals
| surfaces (having area but no volume)
(1) parametine equation
HOX=X(u,v) , Y=Y (uVv) ,Z=Z(u,v)
U, V two independent variables

2 2 2
= - < <
(1) cylinderx + Y a,l_Z_l,

r(u, v)=acosu

k E

+Vv



O<u<2r,-1<v<l

(2  sphere
X° +y*+z°=a
—>

r(u,v) =acosv cosu I +acosi sin

2

O<u<or Nyl
2 2

3) cone
z=x2+y2 0<z<
H
r(u,v) =ucosv I +U CoS
o] k ;
[ +u
O<uUu<HO £v<2rm
(i) Z=S (X Y)
Lowsof pts (x,y,s(x,y))
Ex. Surface
Z = \/4 X 2 X2 +y’<4

: squarethe equatl on
2 _
. X°+y*+z2°=4

=>hemisphere of radins 2 with
origin(0,0,0)
Ex. Surface

Z=/X°-y? x?+y*<8

h



(2)position rector of asurface Z=S(X,Y)

— s —
x1,yp=x | 4y +S(x y)

Kk

(3)simple surface

R

The position rector
different (x,y).

—  —

R " x1,v1)= R (x2v2)=>x1=x2Y1=Y2

—>

(49)Normal rector to asurface

(x,y ) does’nt return to the same point for

A rector orthogonal to each rector on the tangent plane at Po

Writeq(x,y,z2)=s(X,y) z

@

Soz=9(x,y)isleve surface (x,y,z)=0
Gradient of qD
a—a—go—l—) —a——.—) :a—qo—k—)
0 X oy 0z
= a—¢—l—) + —(p——) '—k—)
0 X y J
= —— = hormal

(5)smoth surface

Z issimple and has a confinuons , nonzero normal rector at every pt.
(6)piecenis smooth

A surface



A surface consists of afinite number of smooth surface.
Ex. Sphere surface : smooth

Surfaceaoube : pieconise smooth

(7)surface area

) 3,

The area of a smooth surface

givenby z : s(x,y)isgiven by A(

_HO \/1+sx2+sy2dxdy

:J-J-OH X_)(X ’y)Hda

=Doubleintegral of the lergth of the
normal rector.

2. surface Integral of afunction of three variables
Let f(x,y,z) be afunction of three variables defined over aregion of space containing

surface z then the surface integral of f(x,y,z) over a smooth surface z B

olefound by ” f(x,y,2)do

:” f (X y.S(X, ¥))V1+sx* +sy’dA

:” f(xy.z(x, y))V1+ 2¢* + zy*dA

3. some use of surface integrals
1. surface area
If f(x,y,2)=1

then )98 =[[1+ ¢ +5y2dA= AT )

2.Mass and couteo of mass of a shell

mz“é(x, y,2)do _ ”5(x.y.5(x, Y)V1+sx* +sy’dA
Xz%” X6 (X, Y, 2)do

YZ%” yo(X, Y, 2)do



Z:%” z6(X,Y,2)do

12.6 vector forms of green’s theorem
1. Green;stheorem in 2-space

(b + gely) = ”{89 ﬂ
(1) let F= gifj OX 0y
§ fdx+ gdy = i{f —S+ g gs}ds §FNds

(2) let F(x,y,2)=f(x,y)i+g(x,y)j+0k

VxF :{@_Q}K

oxX oy

curl F=

(IxF)oK = 8_g_q Efdsz[fi+g]}-[%i+ﬂ]}ds:fdx+gdy
ox oy and ds ds

© i fdx + gdy = j;CF_jds Hence §CF_3ds= j J'D (v + I_f)- KdA

2. Green Theorem in 3-space
(1) Gauce;sintegral theorem

close cure ¢ => close surface Z lore

integral -> surface ontegroul
[[FNdg = [[[vF = [[[anFav
1)

(3) stokeintegral theorem
closed curve C-> acurvein 3 space flat surface D in xy plane ->a surface

surface integral <->triple integral

-

Z with unit normal |

fff'fds H (VX )Nds

Sl TF2ag -

b : :
L F XY (1) R (t)dt



a

(X(a).,Y(@)

a

2 Independence of path
Q) Definition

JC F 74 R

path in D if theintegral has the same value over
any pathin D for Pt,Po to Pt,P1

B independent of

—>_ Vo

2 lineintegral closed path if

N\
then IC F > d R ,isindependent of
pathin D . If Cisaclosed path in D,then

jc F >d R >:o

(©)) Criferion of a conservatre field vecfor field

Al

F =f(xy) 1 +glxy) ] s

conservativerson aregion R if and only if , at (X,y)

inR
99_of
oX oY

F 7 a0 TR i gy

~a®

b d(b b a
:j Edtzj dd =9 xo.ye) fb =9 xoLY0) ¢



:G_ydx — 6_¢dy

0 X oy
.'.G—:f,g—q):g
0 X oy
0% ¢ _ O _of 09
0 yox o0Yyox o0y OX

12-4 Surface Integrals
| surfaces (having area but no volume)
(1) parametine equation
HOX=X(u,v) , Y=Y (uVv) ,Z=Z(u,v)
U, V two independent variables

(1) cylinder X2 + Y2 - az,-lﬁ ZSl,

r(u, v)=acosu | +asinu J
—>
+v k
O<u<2r,-1<v<i
(2) sphere
x*+y*+2z°=a’
r(u,v) =acosv cosu i +acosi sin

H

u J +asinv k



<V <

OSUSZ%,l
2

T
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(3) cone

z:\/x2+y2 0<z<

r(u,v) = ucosv i +U COS
—
i J +u k

O<Uu<HO £v<2rn

(i) Z=S (X .Y)
Lowsof pts (x,y,s(x.,y))
Ex. Surface
Z = \/4 X 2 X*+y?<4

: square the equation
o~ X°+yi+z°=4

=>hemisphere of radins 2 with
origin(0,0,0)
Ex. Surface

= JX°-y? x*+y®<8

(2)position rector of asurface Z=S(X,Y)

—> —>,

h

R (X1,Y1)=X J +S(X ,Y)

Kk



(3)simple surface

The position rector R (x,y) does’nt return to the same point for

different (x,y).

R ; (X1,Y1)= R ; (X2,Y2)=>X1=X2Y1=Y2
(4)Normal rector N to asurface

A rector orthogonal to each rector on the tangent plane at Po

Writeq(x,y,z2)=s(X,y) z

Soz=9g(x,y)isleve surfaceqo (x,y,z)=0

Gradient of §D
a_@_go__) —a——.—> :a—q)—k—>
ox oy 0z
= a—¢—l—) + —(p——) '—k—)
0 X y J
= —— = hormal

(5)smoth surface

A surface Z Is simple and has a confinuons , nonzero normal rector at every pt.

(6)piecenis smooth

A surface consists of afinite number of smooth surface.
Ex. Sphere surface : smooth

Surfaceaoube : pieconise smooth

(7)surface area

Theareaofasmoothsurfacez givenby z : 5(x,y)isgiven byA(Z )=

_HO \/1+sx2+sy2dxdy




:IIO“ X_)(X ’y)Hda

=Doubleintegral of the lergth of the
normal rector.



