
Chapter 12

Vector Integral Calculus



12.1 Line integral
1. Curve in 3-space

(1) parametric equation
   btatzztyytxxC  ;,,:

initial point  azayax ,,
final point  bzbybx ,,
Ex. Curve: 20,4,sin2,cos2:1  tztytxC

Curve: 40,4,sin2,cos2:2  tztytxC

（2）Continuous
X（t），Y（t），Z（t） are continuous on a bt 

1C ： X＝2 cost ，Y＝2 sint ，Z＝4；0 2t
 2 cost ，2 sint ，4 continuous on 0 2t
 1C is continuous

（3）differentiable
X（t），Y（t），Z（t）are differentiable

（4）Smooth （No sharp points or corners）
X’（t），Y’（t），Z’（t）are continuous on a bt  and not all zero

1C ： X＝2 cost ，Y＝2 sint ，Z＝4；0 2t
 X’＝-2 cost ,Y’＝2 sint, Z’＝0 are continuous on 0 2t

Curve 1C is smooth

（5）Position vector of curve

ktzjtyitxtR


)()()()(  ，a bt 
For smooth curve，  0tR


and continuous

（6）Closed curve

Initial and terminal are the same
Ex： 1C ：X＝4 cost ，Y＝4 sint ，Z＝4 ，0 3t

2C ：X＝4 cost ，Y＝4 sint ，Z＝4 ，0 4t

1C ：not closed curve

2C ：closed courve



2. Line Integrals of vector Field

（1） Defintion
The line integral of vector field  zyxF ,,


over a smooth curve c is denoted


c

RdF


and is defined by

  )())(),(),(( tRtztytxFb
a


dt

where tR


is position vector of a smooth curve c for a bt  ，and

F


is continuous at points on c .

dt
dt
Rd

FRdF





dtRF '




Ex：Evaluate 
c

RdF


Where F

＝ kejyzix z




10;,,: 3  ttztytxc
Sol： tR


＝ 10;3  tktjtit



tF


＝ kejyzix z



= kejttit t


 )()(3

= kejtit t


 23


c

RdF

＝   dttettdtRF t )1,1,3(),,(' 2231

0
1
0



  dtett t )3( 251
0

e
6
5

（2） Piecewise smooth curve （or Path）

A curve where position vector tR


is continuous and tangent vector
tR'


is continuous and different from zero vector at all but possibly a

finite number of values of t .

（3）line integral to piecewise smooth curve


c

RdF

＝   RdFRdFRdF

nccc


........

21

where c is a piecewise smooth curve, consisting of smooth curves

jc ，j＝1,2,3,............. , n , and F


is a continuous vector field on c .



（4）Physical Interpretation

Line integral of vector field 
c

RdF


can be interpreted as the work done

by a force F


in moving the particle over the path c .
Rd

： displacement of particle

work＝ dU ＝ RdF




  dUU 
c

RdF


Ex： Given ：Force kxyzjyiF



curve c：x=t, 10;,2  ttzty

Find： work done by force F


in moving a particle along curve

Sol： work＝
c

RdF

＝  dttRF )('1

0



ktjtittR


 2)(
kjtitR


 2)('
kxyzjyitztytxF


))(),(),((
ktjti
 42  on c

10
3

)21()(' 41
0

1
0   dtttdttRF



（5） Properties

i.   RdGRdFRdGF ccc


)(

ii.   RdFRdF cc


)( :any number

iii. 
c

RdF

＝    RdFc



3. Line Integrals of scalar field

     

     







 



b

a

c

dt
dt
dz

tztytxh
dt
dy

tztytxg
dt
dx

tztytxf

dzzyxhdyzyxgdxzyxf

)(),(),()(),(),()(),(),(

,,,,,,

where f, g and h are continuous functions on curve c having parametric functions

x=x(t),y=y(t),z=z(t) for bta  .
If

khjgifzyxF


),,( kzjyixR






then

hdzgdyfdxRdF 


so

 
c c

RdFhdzgdyfdx )(


Another way of line Integral of a vector field

4. Line integral writ Arc length

(1)Definition



 





b

a

c

b

a

dttRtztytxf

dsszsysxfdszyxf

)())(),(),((

))(),(),(()..(



Where c is smooth curve and f(x,y,z) is real-valued function
If

btaforktzjtyitxtRc 


)()()()(

then arc length s(t) along c is















b

a

b

ac

t

a

dtRtztytxf

dt
dt
ds

tztytxfdszyxfHence

tztytxR
dt
ds

dRts

))(),(),((

))(),(),((),,(

))(())(())((

)()(

222










(2) Engineering Application
(i) mass of a wire

materiraltheofdensitytheiszyxwhere

dttztytxtztytxdszyxmass
b

ac

),,(

)))(())(())(()(),(),((),,( 222



  

(ii) center of mass of the wire

















c

c

c

c

dszyxm

dszyxz
m

z

dszyxy
m

y

dszyxx
m

x

),,(

),,(
1

),,(
1

),,(
1









12.2 Green’s Theorem

1. line integral along simple closed cures

dyyxgdxyxfRdF
cc

),(),(  


(1) positive orientation of closed curve C

c:x=x(t)，y= y(t)， bta  in the plane

(x(t)，y(t)) moves around C counterclockwise.

(2) simple curve
same point cannot be on the curve for different values of parameter.

(3) simple closed curve
A closed curve where initial and terminal point are the only point
that coincide for different values of the parameter.

2. Green Theorem on the plane
(1) Definition





 












d

c c

dA
y
f

x
g

gdyfdxRF

][



Where C = a simple closed positively oriented path
D = c U interior of c

Doncontinousare
y
f

x
g

gfand

jyxgiyxfyxF









,,,

),(),(),(


(2)Applications
(i)Convert a difficult integration into an easier one

EX: Force jxyiexyF x


)(cos)( 22 

1,1

cos),(

),(
2

2













x
g

y
f

xyyxg

exyyxf x

From Greens Theorem

   








d d

dAdA
y
f

x
g

RdF 42][


(ii)Evaluate general line integral

























d

c

dA
y
f

x
g

I

y
f

x
g

pathorientedypoisitivelanyC

dyyxdxyxI

0][

0

:

)2sin(2)2cos(2: 2

12.3 Independence of path and potential Theory
1. Conservative Vector Field

(1)Definition

FforfunctionpotentialacalledisfieldScalar

FifveconserralicalledisFfieldVector




)(



(2)Line intergral



dt
tytxd

dt
dy

ydt
dx

x
tRtytxF

j
dt
dy

i
dt
dx

R

j
y

i
x

F

))(),((
)())(),((
































=> C F d R


＝
b

a
F X(t)Y(t)

R (t)dt＝
b

a
dt

dt
d

＝
b

a d


＝


（X(t),Y(t)）
a

b ＝


（X(b),Y(b)）


（X(a),Y(a)）

2 Independence of path
(1) Definition

C F d
R B independent of

path in D if the integral has the same value over
any path in D for Pt,Po to Pt,P1

(2) line integral closed path if
F ＝


,

thenC F d
R is independent of

path in D . If C is a closed path in D,then

C F d
R ＝0

(3) Criferion of a conservatre field vecfor field

F ＝f(x,y)
i +g(x,y)

j
is



conservativers on a region R if and only if , at (x,y)
in R

y
f

x
g








F d
R ＝f(x,y)dx+ g(x,y)dy

＝d


dy
y

dx
x
y











g
y

f,
x












x
g

y
f

xyxy

2















 

12-4 Surface Integrals
I surfaces (having area but no volume)

(1) parametine equation
(i)X=X(u,v) , Y=Y(u,v) ,Z=Z(u,v)

U , V two independent variables
Ex.

(1) cylinder
1z,-1aYX 222 

,

r(u , v)＝a cosu
i +a sinu

j

+v
k



1v,-12u0  
(2) sphere

2222 azyx 

r(u ,v) = a cos v cos u
i +a cos i sin

u

j
+a sin v

k

2
v

2
N

,2u0
 

(3) cone

hz0yxz 22 

r(u ,v) = u cos v
i +u cos

i

j
+u
k

2vH,0u0 

(ii) Z=S (X ,Y)
Lows of pts （x , y ,s(x ,y )）

Ex. Surface

0z,4yxy-x-4z 2222 
Sol：square the equation

=>
4zyx 222 

=>hemisphere of radins 2 with
origin(0,0,0)

Ex. Surface

8yxy-xz 2222 



(2)position rector of a surface Z=S (X , Y)

R (X1 , Y1)= X
i +Y

j
+S(x ,y)

k

(3)simple surface

The position rector
R  ( x , y ) does’nt return to the same point for 

different ( x , y ) .

R (X1 , Y1)=
R (X2,Y2)=>X1=X2 Y1=Y2

(4)Normal rector
N to a surface

A rector orthogonal to each rector on the tangent plane at Po

Write q( x , y, z )＝s( x , y ) z

So z＝s( x , y ) is level surface


( x , y , z )＝0

Gradient of














 kji zyx


 







 kji -
yx


normalN 

(5)smoth surface

A surface


is simple and has a confinuons , nonzero normal rector at every pt.

(6)piecenis smooth



A surface consists of a finite number of smooth surface.
Ex. Sphere surface ：smooth
Surface a oube ： pieconise smooth

(7)surface area

The area of a smooth surface  given by z：s( x, y ) is given by A(  )＝

dxdysysx1 22

0 

＝
day),(x

0 X  

＝Double integral of the lergth of the

normal rector.

2. surface Integral of a function of three variables
Let f(x,y,z) be a function of three variables defined over a region of space containing

surface  then the surface integral of f(x,y,z) over a smooth surface  B

olefound by  dzyxf ),,(

=
 dsysxyxsyxf 221)),(..(

=
 dzyzxyxzyxf 221)),(..(

3. some use of surface integrals
1. surface area

If f(x,y,z)=1

Then    )(1 22 dsysxd

2.Mass and couteo of mass of a shell

m=  dzyx ),,(
=

 dsysxyxyx 221)),(..( 

X=
 dzyxx

m ),,(
1

Y=
 dzyxy

m ),,(
1



Z=
 dzyxz

m ),,(
1

12.6 vector forms of green’s theorem
1. Green;s theorem in 2-space

 













 dA
y
f

z
g

gdyfdx )(

(1) let F= gi-fj y
f

x
g

F








so
  



  FNdsds

ds
dy

g
ds
dx

fgdyfdx

(2) let F(x,y,z)=f(x,y)i+g(x,y)j+0k

curl F=

















y
f

x
g

F

















y
f

x
g

KFJ )(
and

gdyfdxdsj
ds
dy

i
ds
dx

jgifdsIF 











 

so  
cc

dsJFgdyfdx
Hence c dsJF

=
  

D
dAKF

2. Green Theorem in 3-space
(1) Gauce;s integral theorem

close cure c => close surface  lore

integral -> surface ontegroul

 
Nn

dvFdnFdgNF
 surface integral <->triple integral

(3) stoke integral theorem
closed curve C-> a curve in 3 space flat surface D in xy plane ->a surface

 with unit normal I

  
 dsNFdsTF

c

=> C F d R


＝
b

a
F X(t)Y(t)

R (t)dt



＝
b

a
dt

dt
d

＝
b

a d＝（X(t),Y(t)）
a

b ＝（X(b),Y(b)）

（X(a),Y(a)）

2 Independence of path
(1) Definition

C F d
R B independent of

path in D if the integral has the same value over
any path in D for Pt,Po to Pt,P1

(2) line integral closed path if
F ＝  ,

thenC F d
R is independent of

path in D . If C is a closed path in D,then

C F d
R ＝0

(3) Criferion of a conservatre field vecfor field

F ＝f(x,y)
i +g(x,y)

j is

conservativers on a region R if and only if , at (x,y)
in R

y
f

x
g








F d
R ＝f(x,y)dx+ g(x,y)dy

＝d



dy
y

dx
x
y











g
y

f,
x












x
g

y
f

xyxy

2















 

12-4 Surface Integrals
I surfaces (having area but no volume)

(1) parametine equation
(i)X=X(u,v) , Y=Y(u,v) ,Z=Z(u,v)

U , V two independent variables
Ex.

(1) cylinder 1z,-1aYX 222  ,

r(u , v)＝a cosu
i +a sinu

j

+v
k

1v,-12u0  

(2) sphere

2222 azyx 

r(u ,v) = a cos v cos u
i +a cos i sin

u
j +a sin v

k



2
v

2
N

,2u0
 

(3) cone

hz0yxz 22 

r(u ,v) = u cos v
i +u cos

i
j +u

k

2vH,0u0 

(ii) Z=S (X ,Y)
Lows of pts （x , y ,s(x ,y )）

Ex. Surface

0z,4yxy-x-4z 2222 
Sol：square the equation

=> 4zyx 222 
=>hemisphere of radins 2 with

origin(0,0,0)
Ex. Surface

8yxy-xz 2222 
(2)position rector of a surface Z=S (X , Y)

R (X1 , Y1)= X
i +Y

j +S(x ,y)

k



(3)simple surface

The position rector
R  ( x , y ) does’nt return to the same point for 

different ( x , y ) .

R (X1 , Y1)=
R (X2,Y2)=>X1=X2 Y1=Y2

(4)Normal rector
N to a surface

A rector orthogonal to each rector on the tangent plane at Po

Write q( x , y, z )＝s( x , y ) z

So z＝s( x , y ) is level surface( x , y , z )＝0

Gradient of 


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
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

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


 kji zyx


 







 kji -
yx


normalN 

(5)smoth surface

A surface is simple and has a confinuons , nonzero normal rector at every pt.

(6)piecenis smooth
A surface consists of a finite number of smooth surface.
Ex. Sphere surface ：smooth
Surface a oube ： pieconise smooth

(7)surface area

The area of a smooth surface  given by z：s( x, y ) is given by A(  )＝

dxdysysx1 22

0 



＝ day),(x
0 X  

＝Double integral of the lergth of the

normal rector.


