CHAPTER 11

Vector Differential Calculus



11.1 Vector function of one variable

1. Definition
A vector function of one variable , each component of which is avector function
of the same variable
F(t) = x(1)i +y(t)] +z(H)k
F(t) = cos(t)i + 2t%] + 3tk
FO)=1
EX: F2r)=1+fz%]+brk

are vector

2. Continous
A vector function is continous of its component function are
continuous at al t for where it is defined.

EX: F(t) = costi + 2t2] + 3tk

(t)=cost
y(t)=2t? continuous for all t
z(t)=3t

.. F(t) iscontinuousfor al t.
_ 1 . _
EX: G(t)=——1 +Intk
x—-1

1 .
X(t) = —— not continuous at t=1

z(t) =Int  continuous t>0
.. G(t) is continuous for t>0 with t1

3.Derivative
E'(t) = lim F(t+At)-F(t)
At—0 At
_lim X(t + At) — x(t) o lim y(t + At) — y(t) T +1im Z(t + At) — z(t) K
At—0 At At—0 At At—0 At

=X +y'(t)] +Z()k
A vector function is differential of it has aderivative for aret for which it is
defined.

EX: G(t)=——i +Intk differentiable?

1
t-1



Sol:  G(t) isdifferentiable for positivet different fron 1.
1-
= i +-k
G (t— 1) t

4. position vector of acurve

(g it z(eh clrve

Fult
Fin

F(t) = x(t)I + y(t)] + z(t)k iscalled aposition vector of the curve.

5. Tangent vector for acurve

[~

//’;7mwm Py
/,-' /_/
/ Fig, +if)

. Fto + At - F(t,) _ X(t, +At) — x(ty) M4 y(t, +At) - y(t,) i- Z(t, + At) — z(t,) K

At a At At At
| F(t, +A) - F(t,) 1 V()T 4 2 (LR
lim At =X (1)l +Y'(t)] +2Z(t)
=F'®

=tangent vector to the curve at pt. (X(to) y(to) z(to))

Ifl(t) = Xl(to)r + yl(to)T + Zl(to)R



6. Length of curve
F(t) = x()i + y(t)] + z(t)k as=t=b

Length =" (x(1)* + (y(1)? + (z(1) et

= [|F et

Integral of the length of tangent vector

]

M /'/
/‘/‘/’ ﬁ (} /‘\_/
//_ F £y +iH)
o Y

CF @, + A - F 1)

SLA =||If(t0+At)—lf(to)||—” x ”-At
If At—0
Then di = fim|Fta* A0 =F(to) | _ [F et
AHo” At ”

Length= [ di = _[:”lf(t)”dt

EX: circular helix ([lEhz5Y)
x=cost y=sint z=5/3 -4n=t=4n

sol: position vector:  F(t) = costi +sintj + g k
tangent vector:  F'(t) = —sinti + costj + % k
-\ _ 10
~Fm| =
FO|=3
I

Length= f;%dt = %n\/ﬁ

7. Length function of acurve (a=t=bh)



st =[[F@fs b0

If F(t)=x({)i +yt)]+z(t)k forast=b
And x’(t) y’(t) 2z’(t)are continuous
J.0=9(t) =1lasa=t=b

(1) position vector G(s)
G(s) = F(t(D) = x(tQ) + y(tD)] + 2(t@D)k
(2) Tangent vector G(S)

dF(@) _drdt _ F

G- a ds_[dsj
dt
a
where
d
dts dt Ja _HF (t)H
SO
<oy IF®)
G(s)| = 1=—— =1
e

G(s) isaunit tangent vector.
8.Diffentiation Rules

(1) Linearity (E(t)+G(t)) = F'(t)+G'(t)

(2) Scalar product (f(t)F(t)) = f'Q)F )+ f(t)F'(t)

!

(3) Dot product (F(t)e G(t)) = F'(t)

[ ]

)]
=
N—"

(4) Cross product (If(t)x G(t)), =F'(t)xG(t)

) chanrue (E(f1) =9 _ t0F (1)

11.2 Velocity,Accel eration,Curvature and Torsion

1. Motion of aparticle on acurve
(1) Position Vector of particle P

F(t)=x(t) +y(t)j +z(t)k



(2) Velocity
Vi) dZ_t(t) _ X + Y] + Z(ER

If V(t)=0,V(t) isatangent vector to the curve
(3) Acceleration
a- ‘jj\t’ V= B = X + Y] + 20)

(4) Distance traveled aong the curve

F(t)dt = [ [V(t)ot

(5) Speed (Speed = magnitude of velocity)

=V

Distance= s(t) =

s(t)J't V(¢ |dt
08 Pt = i) v

rate of change of distance traveled along the curve
2. Curvature and Torsion of acurve
(1) Unit tangent vector T(t)
sy FM) _ Ft)
TM)=r= =
[Fe) (955)

(¢)d¢ :Length function of acurve

(2) Curvature K
The curvature K of acurve isthe magnitude of the rate of change of the tangent
vector withrespect to one length along the curve

x(s)=

ar
ds

A K quantifies the amount of bending of a curve at a point
B.The greater K is,the sharper the curve bends at the point

K(t)= - Ml - Jar/a] _[T0)

|ds/dt]| [ F(t)

Ex: Given:Stringht lineF'(t) = (a+bt)i +(c+dt)j +(e+ht)k findK
Sol: F'(t)=b(t)i +d(t)j +hit)k

aT|

dTj _|dT dt
ds

dt ds




N LU S Y

Unit tangen ||fr(t)“ m
~T'(t=0)
~K(t)= o) =0

Ex: Given:A circle of radius4 with originin plane y=3
Find: K of the givecircle

Sol: position vector of acircle
F(t)=4costi +3] +4sintk 0<t<2z
F'(t)=—4sinti + 4costk

(t)= | :::8" =— 4sintT: 4costk = —sinti + costk
= T'(t) = —costi —sintk
K(t)= [T _ J(=cost)? +(~sint)? 1.1
”'E'(tm J(=4sint)? +(4cost)? 4 T
(3) Unit normal vector N(s)

ARLEC)
N(s)= K K(s)=0

() || N s)ﬂ unlt vecotr

(ii) N(s)orthogonal to unit tangent vector T(s)

[Proof] - ||f s)ﬂ =

~.T'(s) orthogona to T(s)

N(s)= T'(s) ~.N(s) orthogonal to T(s)

K(s)
(4) Tangential and Normal components of acceleration

a=a,T+a,N= d—VT+Kv ’N
dt



[proof] Look at T(t)= HIEEBH ‘58

V() =V(OT (1)

é=fj—\t/ =VOTOI'=V'OT®)+VOT' 1)

dv - dT ds
=—T@)+v(t)——
p (t) ()d dt
dv -
= T@t)+V? t—
p (t) (t)
- T'(s) dT
N(s) =——= s — = K(s)N(s
(s) K(S) e (S)N(s)
_av
L=
a:c;—VﬂszN dt V2 L
t a, =Kv?’="— K==
p p

(5)Alternative formula of curvature

P>

il

(6)Binormal vector B
A unit vector alternative to the plane determined by unit tangent T and unit normal

—

N

B=TxN (B,T,N SRRy A=)
(7)Frenet Formula

LY

ds

N _ KT+

ds

d_é__ -

ds

Here 7 (s) isthe“torsion” of curve at the point(x(s),y(s),z(s)), which measure the
amount a curve twists



Vector Field and Streamlines

11.3
1. Vector Field [pi| & 5
(1) Vector Field in the plane G(x, y). A vector has two component functions
of variables

G(X V)=, (X Y +9,(x,Y)]
two variables x,y

(@ G(x,y)isavector in x-y plane

(b) G(x,y)isrepresent as an arrow from (X,y)

Ex: G(x,y)=xyi +(x—y)]

-.G(0,0)=0,G(1,0) = |,G(0,2) =-2]
G(2,2) = -4 ,G(1,-3) = -3 +4]

(2)Vector field in 3-space
A vector has three components of three variables

IE(Xi y, Z) = f1(X1 y, Z)r + fZ(Xi y, Z)I + fS(Xi y: Z)lZ
F(x, Y, ) is represented by drawing the vector

F(x,y,z) asanarrow in 3-space from point (X,y,2)

(3)Partia derivative

o
1l

G +0,]
fi+f,]+fk
C_%;, 99
X oYy OX

ox
G _%:p, 9 ;

oy oy OX
OF ot o, g

o0z oz 0z 0z

. T
IS R



2.Streamlines  Jusse
(1)Definition

The curve in Fare streamlines of the vector field F(x,y, 2) if at each point

(x,y,z) of space Q,F istangent to the curve in F passing through the point
(2) Physical problems
(a)velocity field of afluid
streamlines, flow lines
(b)magnetic field
lines of forces
(3) Streamline equation

Givenavector field F=fi + f,] + f,k
Assumethat curve cisstreamlineof F and has position vector as

R(&) = X + y(&)T + &)k

Tangent vector to cis

R(§) =X () + ¥(&)] + 2k

-cisastreamlineof F,s0 F(x(¢),y(£),z(¢)) alsotangent toc
L FXEL Y 2R )

= R(&)=tF(x(0), ¥(¢), <))

X () =tf,
y'(§) =tf, A system of O.D.E for coordinate functions of streamlines
z (é’) = t1:3
If f,,f,, f;=0 then

X _ e

fl

Y g X Ay

fa f,f, f;

%y

f3




EX:Given: Vector Field
Find: Streamlines of
Sol: Streamline equation
dx dy dz -
X 2y -1

2y -1
dy dz
@l2y 1517

1Iny——z+c
2

dy dz

S y=ae”

11.4 The Gradient Field &1 &

1. Scalar fieldp(x, Y, 2)

. parametric equation of streamlines

1
Cz-k
y=ae?*
z=1

X

A real-valued function EX: Temperature T(X,Y,Z) ; Pressure P(X,Y,Z)

2. Gradient of ascalar field
grad(¢) orVe

Vo007, 905,00k
OX oy 0z
V—2T+3I+2R
oXx oy 0
=del operator

\
scalar field —y vector field



. Directional Derivative
(1)Definition
Directional Derivative of ascalar fieldat P, (X, Yy, Z,)
In the direction of unit vector G=ai +bj +ck isgivenby

_ d
Dugp(R,) = ago(x0 +at,y, +bt,z, +ct) |,

=Vo(R)-U
(2)Proof of Dug(P,)=Ve(R,)-U
By chainrule

d X(t) Y0) 2(t)
a(p(xo +at, y, +bt, z, + ct)

=6_¢_8(X0+at)+6_(p'8(y0+bt)+8_(p'6(20+ct)

oX ot oy ot 0z ot
OX oy 0z
=Ve-l
=0

EX: Given: scalar field ¢(x,y,2) = X°y — xe?
Find: Directional derivativeof ¢ at point(2,-1,0)
Inthedirection of 2i —4] +k
Sol: Gradient of ¢

a—"’r+a—¢}+a—<"k
OX oy 0z
= (2xy — )i + x?] — xe’k

S V(2,-10) = -5 +4] - 2k

Vo =

(2 -4j+k) 1

- L (- 4j K
22+ (-4 + 12 MR

u=

_28
- Dlp(2~10) = Vo(2,-1,0)0 = ——
Up(2,-1,0) = Ve(2-1,0)0 Nen



4. Level surface

A level surfaceisalocus of points(X,Y,Z) satisfying
(X, Y, Z) = Constant of ascalar function ¢(X,Y, 2)

EX:Ascalar fidld ¢(x,y,2)=x*+y* +2°
Sol: Level surfaceof o(x,y,z)=x*+y* +2° is

x> +y*+2* =k= asphere surface k>0

asingle point k=0

5. Tangent Plane

(1)

)

©)

Definition
A plane is determined by tangent vectorsat P, onthelevel surface.
Normal vector of atangent plane
A vector normal to the tangent planeat P, isgivenby Ve(P,) whichisthe
gradientof ¢ a PR,
Suppose smooth curve Con ¢ =k passing P, , thusthe parametric
equationsof care x=x(t) , y=y(t) , z=zt)
= o(x(t), y(t). 2t))
de ago X ago ay ago oz _
dt  ox at oy at az ER

. aa_fxf(m%y'(mg_jz(t): 0

095 0P 2 0P L (¥ + v(O)T + Z(tK )=
:[8xl+8yj+asz (Xt +y'()] + Z(t)k)=0

= Vot +y'(t)] + Z(t)k)=0
aPo

Vo(R)s (x(tF +y (1) + Z(tk)=0
= Vo(P,) orthigina to every tangent vector at Py

= Vo(P,) isthenormal vector of the tangent plane to the level surface at Po
Equation of tangent planeat P,

V(P(Po)'[((x_ Xo)r+(y_ YO)T+(Z_ ZO)R)]: 0

Proof : PP = (X, ¥,2)~ (%, Y. 2) = (x= %, T +(y = yo)] +(z— 2k



= Vo(P,) isnormal vector of tangent plane of Py

~.Vo(P,) orthogona to P,P

= Vo(P,)eP,P=0

Ex. Give: o(x,y,z)=z—+/x*+y?, leve surface o(x,y,2)=0

Find: A normal vector and tangent plane at (LL \/E)

SoI:V<p_a—(p|+a—<Dj+a¢R— X 7Y jik

ox oy oz __w/x2+y2 | X+ y?
p=0=z=4x*+y?

Vo=-27-Y74Kk z20

z  z
.".normal vector of level surface ¢ =0
a (1142) is
Voll1v2)--

1. 1. -
EI Ej +k

tangent plane at (ll \/E)
Voll1~2)e|(x-1)F + (y -1 + (z-v2K)|=0
or

X+ y—\/§z=0

11.5 Divergence and Curl
1. Divergence

divF =VeF

0 0~ 0 -
= —I+—]+—Kk [elfi +g +ZK
(6x 8yJ 0z J ( J )
O, 097 g, thye

oX oy 0z

_of ag oh

ax ay oz



vector file —% 5 scalar field
Ex. F =2xyi +xyz’] +ze*Yk divF =?

Sol: divF =V-F
0 0 0
- 2 -~ 2 I X+y
5 @)+ 2 ozl (=)
=2y+ xz° + ey
2.Curl

i ] k
cul E=vxf=|l & 9/ (h_ 29y +(ﬂ_a_hjj*+ a_a e
oX oy oz ay 0z 0z 0OX oxX oy
g h

Vector field—"— vector field
Ex.F = yi +2xg + 2’k Curl F=?
Sol:curl F=VxF =-2xi —ze"] +(2z-1)k

3. Properties b/w gradient,divergence and curl

(1) Curl of agradient
Curl (Vgo) =Vx (Vgo) =0

Proof: Vx (V)=

SIS
Q||
RS R~

(o0 % - ’p 0% Ty %9  %p -
|\ oy oyoz oxoz ozox ) oyox oxoy )
(2) Divergence of acurl
DivicurlF )=V e(VxF)=0
(3) Others
<1> V( ) ( OV)G ( OV)IE Ifx(VxG)+Gx(Vxlf)
Fev=f ar+f Ay
OX ay * oz
<2> VO(FXG)ZGO(VXG)—GO(VXG)
<3> Vx(FxG)=V(VeF)-V?F
vzlf:82|2:+82|§+82|2:
OX oy 0z







