
CHAPTER 11

Vector Differential Calculus



11.1 Vector function of one variable

1. Definition
A vector function of one variable , each component of which is a vector function
of the same variable
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2. Continous
A vector function is continous of its component function are
continuous at all t for where it is defined.
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3.Derivative
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A vector function is differential of it has a derivative for are t for which it is
defined.
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4. position vector of a curve

ktzjtyitxtF


)()()()(  is called a position vector of the curve.
5. Tangent vector for a curve
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6. Length of curve
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EX: circular helix (螺旋線)
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7. Length function of a curve (a t b)≦ ≦
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8.Diffentiation Rules
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11.2 Velocity,Acceleration,Curvature and Torsion

1. Motion of a particle on a curve
(1) Position Vector of particle P
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(2) Velocity

    ktzjtyitx
dt

tFd
tV







If  tVtV


,0 is a tangent vector to the curve

(3) Acceleration

  tzjtyitxFV
dt
Vd

a 





(4) Distance traveled along the curve
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2. Curvature and Torsion of a curve
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(2) Curvature K
The curvature K of a curve is the magnitude of the rate of change of the tangent
vector withrespect to one length along the curve
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A.K quantifies the amount of bending of a curve at a point
B.The greater K is,the sharper the curve bends at the point
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Ex: Given:A circle of radius 4 with origin in plane 3y

Find: K of the give circle
Sol: position vector of a circle
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(5)Alternative formula of curvature
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amount a curve twists



11.3 Vector Field and Streamlines

1. Vector Field 向量場

(1) Vector Field in the plane ),( yxG
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(2)Vector field in 3-space
A vector has three components of three variables
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(3)Partial derivative
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2.Streamlines 流線

(1)Definition

The curve in Fare streamlines of the vector field ),,( zyxF
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if at each point

(x,y,z) of space , F


is tangent to the curve in F passing through the point
(2) Physical problems

(a)Velocity field of a fluid
streamlines , flow lines

(b)magnetic field
lines of forces

(3) Streamline equation
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EX:Given: Vector Field
Find: Streamlines of

Sol:Streamline equation
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11.4 The Gradient Field 梯度場

1. Scalar field ),,( zyx

A real-valued function EX: Temperature T(X,Y,Z) ; Pressure P(X,Y,Z)
2. Gradient of a scalar field
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3. Directional Derivative
(1)Definition

Directional Derivative of a scalar field at ),,( 0000 zyxP

In the direction of unit vector kcjbiau
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0000 |),,(  tctzbtyatx
dt
d


= )( 0PuD 

= uP  )( 0

EX: Given: scalar field zxeyxzyx  2),,(
Find: Directional derivative of  at point(2,-1,0)

In the direction of kji


42
Sol: Gradient of 
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x




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
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kxejxiexy zz


 2)2(
kji


245)0,1,2(  

)42(
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kji
kji
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)0,1,2()0,1,2(


 uuD  



4. Level surface
A level surface is a locus of points(X,Y,Z) satisfying

),,( zyx = Constant of a scalar function ),,( zyx

EX: A scalar field ),,( zyx = 222 zyx 
Sol: Level surface of ),,( zyx = 222 zyx  is

222 zyx  = k =







a sphere surface k>0

a single point k=0

5. Tangent Plane
(1) Definition

A plane is determined by tangent vectors at 0P on the level surface.

(2) Normal vector of a tangent plane
A vector normal to the tangent plane at 0P is given by  0P which is the
gradient of  at 0P
Suppose smooth curve C on k passing 0P , thus the parametric

equations of c are txx  , tyy  , tzz 
 tztytx ,,

0






















t
z

zt
y

yt
x

xdt
d 

   0











 tz
z

ty
y

tx
x



    0


















 ktzjtyitxk
z

j
y

i
x

 

    0 ktzjtyitx



∴ at P0

      00  ktzjtyitxP




 0P orthiginal to every tangent vector at P0

 0P is the normal vector of the tangent plane to the level surface at P0

(3) Equation of tangent plane at 0P

          00000  kzzjyyixxP




Proof :         kzzjyyixxzyxzyxPP


00000,00 ,,, 



 0P is normal vector of tangent plane of P0

 0P orthogonal to PP


0

  000  PPP




Ex. Give:   22,, yxzzyx  , level surface   0,, zyx

Find: A normal vector and tangent plane at  2,1,1

Sol: kj
yx

y
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yx

x
k

z
j

y
i

x








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
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

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




2222



220 yxz 

0,  zkj
z
y

i
z
x 



∴normal vector of level surface 0

at  2,1,1 is

  kji



2

1
2

1
2,1,1

tangent plane at  2,1,1

          02112,1,1  kzjyix




or

02  zyx

11.5 Divergence and Curl
1. Divergence

FFdiv




 kzjgifk
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x


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vector fiele div scalar field
Ex. kzejxyzixyF yx


 22 ?Fdiv



Sol: FFdiv




     yxze
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xyz
y
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x














 22

yxexzy  22

2.Curl

Curl k
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

Vector field curl vector field
Ex. kzejxziyF x


 2 Curl ?F



Sol:curl  kzjzeixFF x


122 

3. Properties b/w gradient,divergence and curl
(1) Curl of a gradient

    0 Curl

Proof:  

zyx

zyx

kji
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(2) Divergence of a curl
    0 FFcurlDiv



(3) Others
<1>          FGGFFGGFGF


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<2>      GGGGGF

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<3>     FFGF
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<4>        GFGFFGGF
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