CHAP.1  First-order Differential Equation
1.1 preliminary Concepts
(1) Definition and terminology
Differential equation is an equation containing the derivatives or differentials of

one or more dependent variables with respect to one or more independent
variables.

General Form

F(xy,ztu,u,,u,.v,v,,..)=0

Ex.

Y (X) + y(X) = 4sin(3X)
d*w 2
e —-(W(t)) =€

Type of Differential Equation
A. Ordinary Differential Equation (O.D.E)
D.E. with one independent variable.
F(x,u,u,..,u™)=0
EX.
@y -y -€' =0
(2y -2=0
Ay -2y +6y=0
(H(x+y)dx—4ydy=0
B. Partia Differential Equation <P.D.E>

D.E. with two or more independent variables

F(X Y,u,v,u,,Vv,,.....) =0

Ex.
8L (- R B
oX oYy
M_Zv il AR o i AR
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(2) Order and Degree
A. Order([%7): The order of highest derivativein D.E. is called the order of the
eguation.
EX.
4 . N
(1) %t‘;” ~(Wt)) =e (4" order O.D.E)

@) u[;zl;y]:g;‘;zo (3 PD.E)
X

B. Degree: The degree of aD.E isthe highest power of the highest derivatives.

Ex.
(1) ug 8;‘1)2 LO0Y_y (2" degres)
axzay OXoy
() M_ou, duy. (2" degree (1% order) PD.E)
oy OX oX
(3) Linearity.
A. Linear

A D.Eissadto belinear if it islinear in the dependent variable and all its
derivatives with coefficients depending only on the independent variables.

EX.
(1) y'+4y'=33n(x) linear O.D.E
2 2
@y0Y 50U, -1 liner PDE
OX
C. Nonlinear

The D.E., which isnot linear, is called a nonlinear equation.

Ex : d 4w/dt4-(w(t)) 2=e <nonlinear>
X * (dy/dx)+(dy/dx) 2 =y <nonlinear>
yey” -2y " =x <nonlinear>



(4) Homogenity
A. Homogeneous D.E.
AUxx+BUxy+CUyy=D(x,y)=0
Ex. y -y2=0
B. Nonhomogeneous D.E.
AUxx+BUxy+CUyy=D(x,y)#0
Ex. y -y 2=e+0
(5) Solution of aD.E.
Any function ¢ defined on someinterva which, when substituted into aD.E.,
reduced the equation to an identity is said to be a solution of the equation on the

interval.
Ex:D.E. F(x,y,y")=0
Let y=¢(x)

If F(x, ¢ (x),p’(x))=0foral xinl
Then ¢ (x) isasolution of F(X, y, y’)=0 on theinterval I.

Ex : D.E. dy/dx - xy 0.5=0 (1% order, 1* degree, nonlinear, homogeneous, O.D.E.)
Let y=(x 4)/16 (dy/dx)=x3 /4
y 05=x2/a . X 3/4-xx 2 /4=0

CLy=Xx 416 is asolution of dy/dx - xy 0.5=0

A. General solution and Particular solutions
A genera solution of aD.E. isafamily of solutions containing independent
arbitrary constants (or essential parameters)
Ex:D.E y+y=2
¢ (x)=2+ke* isagenera solution of y’+y=2 for al x and any number k.

A particular solution is a solution can be obtained from the general solution
k=1 f(x)=2+e*
k=-1 g(x)=2-¢*
are particular solutions of y’+y=2.

B. Explicit solution and Implicit solution
Solutions of a D.E. can be distinguished as explicit or implicit solutions,
depending on solutions which are expressed in explicit function or implicit



function

Ex. D.E. y’+y=2
Solution  y=2+k €% = --emeemeemeeee- explicit solution
(Y-2)€=K  --mmmmmmmmmmmeeeeee- implicit (f(x » y)=c)

(6) Integral Curves
Graphs of solution of 1% order ordinary differential equation

Ex: OD.E y+y=2
General solution y=2+ke™

X
\ y=2+3e  (k=3)

(7) Initial-value problems
1% order D.E. F(x.y,y’)=0
initial condition y(Xo) =Yo

Ex: O.D.Eyt+ty’=2 y(1)=-5 solution=?
Sol: general solution  y=2+ke"™
y(1) = 2+ke'=-5
k=-7e
solution of thegiven 1 .V. Pis
y(x) = 2-7e ™
— 2_7e(-x+l)
A particular solution ( aspecia integral curve) withk =-7e.

(8) Direction fields
A method derives an approximate solution (Direction field) of differential

equation y’ = f(x ,y) by using sketches of short line segments of slope f(x, y)
drawn at selected points (X, y).

Integral curve through point (x, y) has aslopef(x, y).
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Ex. y’+y=2
y’=2-y=f(x,y) Directionfields?



1.2 Separable Equations (fi* 53 £ H7H=")
1. Definition
A D.E iscaled separableif it can be written in the following form:
(D y'=AXB(Y)
2 dy/B(y)=A(x)dx , B(y)#0
(3)  dyldx=g(x)/h(y) ,h(y)#0

@) f10)gu(y)dx+2(x)go(y)dy=0

2. Method of solution
dy/B(y)=A(x)dx
LS dy/B(y)=§ A(x)dx + C
Ex. y’+y=2, solution="?
sol:  y’=(2-y)1 —Separable D.E
dy/(2-y)=dx ,(y#2)
Sody/(2y)={dx+c
-In | y-2 | =x+c
| y-2 | =e®*9 =ke™
y-2=tke™

Ex. Initial value problem



y=y’e* , y(1)=4
sol: y’=y’e*=B(y)A(x)
.".Separable
—dy/y’=e*dx ,(y=0)
§ dyly?=§ eXdx + ¢
Co-lly=-e7+c
L y(x)=1/e™-c, c=?
y(1)=1e’-c=4, c=e*-1/4
S y()=le*-et+ 14
3. Some applications of separable D.E
(1) Newton’sLaw of Cooling (-f GEH—} 'F}H"'Jg@)
dT/dt=k(T-To) , To: room temperature ﬁ'ﬂﬂ
(2) Carbondating (c')
dm/dt=km(t) , #||*'] c** LB (7 (B S5 2F
(3) Torriceli’s Law
dv/dt=-kAv ,
v?%ﬁﬁ? AT, v:?fﬁ?%ﬁﬁﬁ
TR [ AP - R 2 ok

(4) Propulation/bateria growth



dp/dt=kp

4. Mathematical Model

Physical
Problems

M athematical
M odel

~

Identify control variables
Assumptions (empirical law)

Solution



1.3 Linear differential equations
1. Definition:
A 1%-order D.E islinear if it has the form:
Y’ (¥)+p(X)y(x)=q(x) ,
p(x),q(x) are continuous.
2. Method of solution:
Multiplying both sides of the equation by e'P®% to yield
e Py e PI%p(x)y(x)=e' "™ q(x)
(e "%y) =e P¥g(x)
d(e'P™y) =e "% q(x)dx
I d(e'™%y)= | e'P¥¥q(dx +
L y(x)=e PR § e PHHg(x)dx) + ce PO
Ex1l. y+y=2
p(x)=1, q(x)=2 linear D.E
@l POdx_ g1 Tdx_ X
multiply both sidesof y’+y=2 by € to obtain
gy +e'y=2¢"
(ey) =2¢"

gy=§ 2e"dx+c=2€"+c



Cy=2+ce”

Ex2. y+xy=2
p(x)=x, q(x)=2 linear D.E.
integration factor e' PM¥=g! X=gt2
ey +xy)=2¢
(%) =2¢?

e%y= § 2e®dx+c
y(x)=e™? { 2e%dx+ce™? -



1.4 EXACT DIFFERENTIAL EQUATIONS
1.DEFINITION

If D.EM(Xx,y)dx + N(x,y)dy =0 or M(x,y) + N(x,y)y’ =0
can be expressed in terms of total differential of function ¢(x,y) ,thentheD.Eis
said to be exact , and function ¢(x,y) iscalled apotentia function for the D.E,

¢ _ 99 _
& - M(X!y) ' 6y =N (le)'

dé(x.y) = %dm% dy

= M(x,y)dx + N(x,y)dy
. 09 _ ¢ _
. & - M(X,Y) ' ay - N (le)

EX. xzysdx+x3y2dy:0 , exact ?
1
Saol: @(x,y) = §X3y3

dp(x.y) =d;;XY)

Y'aGx)+ 53X dy)

= XZ deX+ X3 yzdy =0

‘. D.Eisexact.

2. CRITERION FOR AN EXACT D.E
Suppose M(x,y) , N(X,y) ,%and Z—N are continuous for all (x,y) within a
X
rectangleRintheplane. Then M(x,y) + N(x,y)y =0 isexactonR iff
oM = oN for each (x,y) in R.
oy  OX
(A) NECESSITY :

If the expression M(x,y) + N(x,y)y’ isexact, then there exists some
function ¢ (X,y) such that

M(x.y)dx + N(x.y)dy = d o (x.y) = %dx+%dy



% =M % =N
OX oy

M _gé N
oy OyoX 0

(B) SUFFICIENCE

X
3

Show that there exist afunction ¢ (x,y) for which ?5_(/) =M (x,y) and
X

99
oy

oY) = [EME L y)dz + [TN(xmdn

%=O+ N(X,Y)

99 _ 0 (X

OX  OX 7%
= M(X’yo) *
= M(x.y,) +

= M(X.Y,) +Mey)y =M(xy)

3. METHOD OF SOLUTION

oM

Iy oN

J‘y oM (X ) 4 dn

oN

=N h — = —.
(x,y), whenever &

OX

(><,77)CI77

OX

M yo)d5+— Jy Ny

|

M (x.y) _

oy

D.E M(x,y)dx + N(x,y)dy =0 or M(x,y)+ N(x,y)y’ =0

1) showtha M _N
oy OX
(2 @(xy)exists

o o
dyp = ——dx+—-—"dy=Mdx+ Nd
¢ OX oy y y

o¢ _
aX—M(x,y)

Lo(y) = [M(xy)dx+g(y)

N

OX

|



oo
3) —=N
©) ;
9 jM(x, y)dx +g (y)=N

L0 =N- MOy

(4) Obtain g(y) by integration with respect to y.
Other method :

oM ON
) ="
oy OX

@) Z—¢=M(x,y)
X

(% y) = [M(x, y)dx+g(y)

@ %L=N(xy)
y

(% y) = [N(x, y)dy+h(x)

(4) obtain ¢(x,y) by comparing theterm of ¢(x,y) in(2) and (3)

EX. Solve x2+3xy+(4xy+2x)y’ =0

, X+ 3y

1 = -

Wy 4y +2
". not separable

# A(X)B(Y)

2
@y + X .
4xy + 2X

(4y+2)y’ +3y+x=0
*. nonlinear D.E

@ Mxy) = X +3xy

N(X,y) = 4xy + 2x

ﬂ=3x , a—N:4y+2
oy OX



oy OX

oM +* 8_N . nhot exact

EX. Solve 2xydx+(x2—1)dy =0

M(X,y) = 2xy

NeGy) = ¥ -1

% = 8_N =2X . exact D.E
oy OX

% =M(x,y) = 2xy

OX

6_ =N(x,y) = xz—l

o (xy) = [Mdx+g(y)

[ 2xyax+g(y)

X y+9(y)

oy +a(y))
oy
Sogy)=-1
aly) =-y+c

=X +g () =N= x"-1

p(xy)= X'y-y=C (" dp =dC=Mdx+Ndy=0)
other method :

Nxy)= X'-1 = o(y)= [Ndy+ hx)

X' y-y+ h(x)

X y+9(y)
ay)=-y , hx)=0

- o(xy)= Xy-y=C



1.5 Integrating factors

1. Definition

A function u (x,y) is an integrating factor for M(x,y)+N(x,y)y’=0 if u (X,y)=0
foral (x,y)inR,and u M+ uNy’=0is exactonR .

M(x,y)+N(x,y)y’=0 is not exact !
Multiplied by u (x,y) , then
p (X Y)M(XY)+ p (x,y)N(x,y)y’=0 is exact

M) _OUN) o gy, MO N

oy ox oy Moy T ax T Hax
p(X,y)=7

2. Method of finding u (X,y)

(D) p(xy)=u(x)only

oM ou  oN
then ¢ M _ N, N
oy =V ax T Hox

oM oN 8
u =) =NE
oy OX OX

(aﬂ_aﬂ) du(X) (87M_87N

)
oy ox” _ dx or oy  OX dx:d—”
N u N u
oM ©ON
(87_&)
if yT =F(x) Function of x only!

d

then F(x)dx="2 jF(x)dx:jd—“ . Inp=[ F(x)x
1 H



hence, I.LF. u (x):eIF(X)dx

Ex. Solve (x-xy)-y’=0
Sol. Separable and linear
M(X,y)=x-xy

N(X’y):_l

oM _

oN
*z — =
oy

OX

0 not exact D.E.

Find an integrating factor u (X,y) to make u (x’-xy-y’)=0 to be exact
oM ON

oy ox —x-0
N

= 1 = x function of x

oM ON

oy ox dx
- ()= (x)=e)

N

:ej.xdx :ex;

XZ

mutiply (x-xy)-y’=0 by e 2 toyield

XZ

XZ

e?(x—xy)-e?y'=0

XZ

ale? (=) _ —xeL22 Exact
oy




2 2

o (xy)=-[e?dy+h(x) = —e? y+h(x)

2 XZ

2—(p:—xe2y+ h'(x) =e2 (x— xy)
X

x2 x2

h'(x) =xe2 = h'(x) = e?2

XZ

Lo(xy)=—e2y+e?2 =C

(2) u(xy)=u(y) only

o, M N

s —
oy Moy T ox
ou ON oM
M= = y(— - —
Y ”(ax 6y)
N_m
..—ax aydy:d—“
M M
N _oM
. OX oy
if ————— = onl
v g(y) only

then integrating factor u(x,y) = u(y) = ejg(y)OIy



Sol. separable, nonlinear, not exact
2xy-(y-1)y’=0

M _ox2N_g
oy OX

ON oM
ox oy 0-2x

uxy)=uy)—=¢

< |k
Il
(D\

=}

<

Il

I

() u(xy)=u(xy)

W Mo N

oy ox Hox

M AN _ou o
oy oXx oX oy

op _ _du ,d0y) _  du(xy)
ox d(xy) dx d(xy)

Op _ _du  d(xy) _ du(xy)
oy d(xy) dy d(xy)

, OM 0N o ey GHOY)
--u(xy)( & aX]—(Ny Mx) d(x)

oM  ON

(ay_axJ ~ du(xy)
Ny — Mx d0y) = d(xy)



M _oN
it oy 0OX

i =h onl
Ny Mx (xy) only

o u(x,y) = o) = "

Ex. 2y*-9xy+(3xy—6x%)y'=0

Sal. @=4y—9x¢@=3y—12x
oy OX
oM  ON

oy Ox _ (4y —9x) — (3y —12x)
Ny—Mx  (3xy —6x%)y—(2y* — 9xy)x

o y+3x y+3x
xy? +3x°y  xy(y+3x)

- L _hexy)
Xy

. integrating factor

j%d(xy) nxy
u(x,y) = p(xy) =€ =e" =xy

(4) u(xy)=pu(x+y) only

M _ONY O ou
oy OX oX oy

ou(x+y) _du(x+y)  d(x+y) _du(x+y)
OX d(x+vy) dx d(x+vy)

op(x+y) _ du(x+y)
oy d(x+Yy)




oM _oN

8y OX d(x+y)_d“(x+y)
N-M d(x+y)

oM ON

then ‘ll(X, y) = H(X+ y) — ej¢(x+y)d(x+y)



1.6 Homogeneous, Bernoulli, and Riccati Equations
1. Homogeneous Differential Equation
(1) Homogeneous function
If there existsaconstant nsuchthat f(tx,ty) =t" f(x,y) for every number t,
then f(X,y) issaidto be ahomogeneousfunction of degree n.

EX. f(xy)=4/x*+y®  Homogeneousfn. ?
(sol) f(tx,ty) = 3% +13y°

= t%w/x3 +y°
—t72f
(X, y)
f(x,y)=+x*+Yy® ishomogeneousfn. of degree 3/2 .

(2) Homogeneous Equation
A. D.E M(x¥y)+N(xy)y=0 issad tobeahomogeneousegn. if

M (tx,ty) =t"M (x,y) and N(tx,ty) =t"N(x,y)

Yy,

B. D.E y'=f(xYy) issadtobeahomogeneouseqgn.if y'=f(
X

f (%, y) isahomogeneous function of degree n.

f(tx,ty)=t"f(x,y)
then

f(xy)=x"f@1Y)

X

o f(xy) =y
y

EX. f(x,y)=yx®+y® ishomogeneousfn. of degree 3/2

F(x,y) =,/ X°(L+ ({)%

—x2 e (Y =x21(Y)
X X

f(xy)= [yA(C)*+1)
y

—y7 (X1 =y
y Yy



(3) Method of Solution

Homogeneous Substitution of Separ able
D.E > variables D.E
y = UX

or X=vy

2
EX. xy':y—+ y
X

2
(sol). " y=2L 4
X

% |<

- ()
X
given D.E. ishomogeneous D.E.

Let y=ux , u=X
X

y'=u+U'x

u+u'x=u?+u

99x:u2
dx
du _ o
u? X
du_ o
uz Jx
1
T
; nx+c
X
—==Inx+c
y
—X
y:
Inx+c

2. Bernoulli’s Equation
y+P(X)y = R(X)y*, a:any rea number
@ a=0
y+P(X)y = R(X) linear D.E.
(b) a =1
y+P(X)y =R(x)y
y+{[R() - P(x)]y = A()B(Y)
© a=1
y+P(X)y = R(X)y* Nonlinear D.E

Separable D.E



(1) Method of solution
change of variables v =y"™*

Y Y+P(X) Yy = R(X) y#0
Let v=y"™“
V=0A-a)y ™y

iv'+ P(X)v = R(x)
l-a

o V+(l-a)P(X)v=>1-a)R(X) 1%-orderlinear D.E.

EX. y'+X:xy2
X
1
(sol.) PxX)==— , RX)=x , a=2=#1
X
given egn. isBernoulli’s D.E. with a=2
Let v:yl‘“z1
y
V==—Vv=-X

. . J.—de — 1
integrating factor u(x) =e’ x =e " ==

STV = (%)
X X X

(Evy=-1
X

1
—v=-X+C
X

2 1
v=-X*+cx==

1

— X% +CX

3. Riccati Differential Equation
y'=P(X)y* +Q(X)y+R(X)
if P(x)=0 linear, otherwise nonlinear

(1) Method of solution

Assume that S(x) is known particular solution then afamily of solution
y(x) = S(x) +U (x)
(S(X) +U (X))'= P(X)(S+U)? +Q(X)(S+U) + R(X)



but S'(x) = P(X)S* + Q(X)S+ R(X)
U'= P(x)2U + P(X)U * + Q(X)U

U'-2SP(x)U — Q(x)U = P(x)U >

Bernoulli’sD.E. with a=2

Let z=U1’0‘:i
%—F(ZSD(X)—Q(X))Z:—P(X)
find z(x)
u-t
Z

y=S(x)+2
Z

1*-order linear D.E.



1.7 SomeApplicationsof First Order D.E.
1. Application to Mechanics
Newton s second law
F=ked(mv)/dt
=d(mv)/dt (k=1)
=m dv/dt+V dm/dt (@1 E! FHJ,%E)
if m=Constant
then F=m dv/dt =ma
(1) Terminal veacity
av: T @ m dv/dt
mg
F=mg-av? (I.C.v(0)=0)
=m dv/dt free falling body
D.E.dv/dt=g- av? /m aseparable D.E
dv/(g-aV? /m)=dt

[ [aV/(g-aV? /m)] = | dt

I tanht( [y =t + ¢
og mg

So, the velocity v(t) is



v(t) = /™ tanh(,[ %2t + ¢))
o m
v(0) = .| tanh(,|“Bc) = 0
o m

c=0

v(t) :@ tanh( “—rgt)

MV = lim. 2 tanh(eo) = .| ™ =terminal velocity
(04

t—o0 t—o0 a

(2) Block on aninclined plane

motion of the diding block??

FBD:




> Fx = ma, =m dv/dt
> Fy =ma,
STFx =WsSInO - Fr = m dv/dt
> Fy=-Wcoso +N=0
.. Equation of motion of the block is
m(dv/dt) =Wsino - 1 WcosoO
2. Applicationsto Electrical

(1) RL seriesCircuit

'
WA

EL.=Ldi/dt ;Egr=RIi
Kirchhoff’s second law
L di/dt + Ri = E(t)............ First-order liner D.E.
~.general solution i(t) is

i(t) =E/R=Ke """ (If E(t) = E =Constant)

fimi) =&



(2) RC seriescircuit

g/lc+Ri=E

i=dq/dt

~.dq/dt+g/RC=E/R.... First-order D.E.
q(t) = EC(1-e" %)

do/dt=Ee" "R /R

im0 =54



