Chap 3 TheLaplace Transformation
3.1 Definition and Basic properties

1. Definition of Laplace transform

£[f(H)]= j: e f(t)dt is said to be the Laplace transform of function
f(t), provided the improper integral converge for all s.

Ex. f(t)=¢&" £[f(tH)] =2
£[e®]= [ e¥etdt= [ e d=[-e"V/(sa);

= |lim[-e®? /(s-a)] +[1/(s-a)]

t—>o0

lim-e®¥/(sa] — 0 as sa0

oo
. £[e*] =1(sa  provided s>a
2. Linearity theorem
£ [af(t) + P(t)] = £ [af(D)] + £ [Bf(H)] = af [f(t)] + P£ [g(1)]
= aF(s) +BG(s)

pf.

£ [of() + V] = [ € [af(t) + Pe()]dt

~ aj: e f(t)dt + B j: &% g(t)dt

= of [f(H)] + B£ [g(V)]
3. Piecewise continuous

f(t) is piecewise continuous on [a,b] if there are at most a finite number
of pointsty, k=1.2...... n (tx-1<ty) a which

(2) f(t) hasfinite jump discontinuity, and !irtnf(t) andtlim f(t) exist.

>t



(2) f(t) is continuous on each internal (tk.1, tx).

4. Exponentia order

A function f(t) is said to be of exponential order if there exist number b,
M>0, and T>0, such that

f(t) | = Me™, T

5. Existence condition of £ [f] (sufficient condition)

£ [f(t)] existsfor s> b, if
(2) f(t) is piecewise continuous on interna [0, k], k>0, and
(2) there are numbers M and b such that [f(t)] = Me™ for t=0.

(Exponential order)

Prove £ [f(t)]= j: e f(t)dt=im jok e f(t)dt

From condition (1), we have J': e f(t)dt exists because f(t) is
piecewise continuous on [0, k], so is €%f(t).

From condition(2), we havelim j: e f(t)dt = J': e f(t)dt exists, since
| j: et f(t)dt| = j;” |leSf@)ldt ()] = MY
=M j: e fdt=M j: ™9 gt =M/(s-b) if s>b
j: Me®" dt converges for s>b
soj': e f(t)dt has afinite limit (or converge) for s>b.

Ex. f(t)=tY2

limtY?=



>0+
..tY2js not piecewise continuous on [0, k]
(cond. (1) not satisfied)

but, £ [f(t)] exists= y 7 /s

6. Laplace transform of some basic functions

(1) f(t)=1
£[1]=[ev@d = - e%/d 3
= lim (-e/s)+1/s
=1/s
@) (= t"

0 _g
t"] = t"dt
£[1=[ e
letu=st,t=u/s, dt=1/sdu.

£l=[ e (Ws) Usau=vg™ [ Ve U

n+1

£[t"] = T'(n+l)/ g n#-1,-2,-3.......

When nispositiveinteger T'(n+1) =nl!

n+l

£[t"] = nl/g
@) f)= g'or g

eE[eat] = J-(:)O e_St ealt dt = '[:)O e_(s_a)t dt



= 1Usa) g " °O° =1(sa) fors>a

Similanly, £[eiat] =1(s+ta), s>0
(4) f(t) = cos(kt) or sin(kt)

g" = cos(kt)+sin(kt)

£1€9] = U(sik) = (sHKI(S + k)
=9(s’+ kH)+k( S+ k)

£[e“] = £lcoskt)] + £[sin(kt)]

. £lcosk)] =g+ k) . £[sinkt)] =kI(S"+ k)
(5) f(t) = cosh(kt) or sinh(kt)
£lcosh(kt)] = [(g°+g “)2] = 12£ [ ]+12 £[g"]

= 1/2[U(s-K)]+L/2[ L (s+k)]
— g SZ _ kZ

Similanly, £[sinh(kt)] = S/SZ— k2

2

= HEnY =

. Inverse Laplace transform

Given afunction G(s), afunction g(t) such that £[g(t)]=G(s) iscalled
an inverse Laplace transform of G(s), and g(t) = £ [G(9)].

(1) Fundemeatal formula



g(t) G(s)
1 1s
t n! /Sn+l
o l/sa
[
cos(kt) 5 2
g5 +k
sin(kt) 22
kis +k

(2) partia fraction Iﬁ[ﬁ (7775 =4

Ex. £1[V (s1) (s+2) (s+4) ]

Sol. 1/ (s1) (st2) (st4) =A/ (s1) + B/ (s+2) +C/ (st4)
A=1/15, B=-1/6, C=1/10
£[G(9]=115 £ [1U(s-1)]-16 £ [U(s+2)]+1/10 £ [1(s+4)]

=1/15¢€- 1/6 €* +1/10 ™
8. Applications

(1) convent initial value problem into algebra problem

|.V.P — Laplace transform — algebraproblem

Solution of I.V.P < Invese Laplace < solution of agebra
problem

(2) Solve nonhomogenous O.D.E y”’+Ay’+By=f (t )wheref(t)is not
continuous

Ex. f(t)=uCt) f(t)=6 (O

(3) Solve equation where an unknown function appearsin an integra

-t + A
F(t=e -3 (ta) ¢ %a



3.2 Solution of 1.V.P using Laplace Transform
1. Laplace transform of aderivative
£[f(®)]=SF(9)-f(0) , if
(2) f(t) iscontinuouson [0,c°] ,

(2) f°(t) isapiecewise continuous on [0,K] for k>0, and
(3) !im € f(t)=0, if s>0

p.f

£[F()]= j: e f(t)dt = j: e *df (t)
= e f0]2 +s[ e f(at

=SF(9) +1im <" (1)-f(0) = SF(9-(0)

2. Laplace transform of higher derivatives

L[f"®] = 'F(S) — "H(0) -............ - f"1(0)
=s"F(s) - Zn: s"*f*1(0)

if
Qf,f ... , f™* are continuous on [0, <],

(2) f" is piecewise wntinuous on [0,k] for k>0, and

(3 lim < fi(t)=0if >0, forj =0,1,2............ n-1.

Ex.
n=2 £[f”(t)]= s’F(s)-sF(0)-f*(0)



3. Application to I.V.PS
y”+4y’+3y=€'; y(0)=0, y’(0)=2

Take Laplace transform to yield
£y +ay+3y]= £[¢ ']

LIy 1+ELIYI3EN]= £

£1y7]= 8 £1y]-sy(0)-y (0)= Y (9)-2

L£y’]=s£yl-y(0)=sY(s)

oo PY-2+asY +3Y=1/(s-1) (agebraic equation for Y(s))

(S+4s+3)Y=1/(s-1) +2

o'oY (9)=1(s1)(s+1)(s+3) + 2/(s+1)(s+3)=Al(s-1) + Bl(s+1) + C/(s+3)

A=1/8 , B=3/4 , C=-7/8

oy = £V

=18 £ [Us-1]+3/4 £ [Us+1]-7/8 £ [1/s+3)]

t -t -3t
=1/8¢ +3/4% -7/8¢ .



3.3 Shifting theorem and the Heaviside Function

1. First shift (trandlation) theorem (shifting in s-variable)

£] e f(t)]=F(s-a) for ssatb

if £[f(t)]=F(s) forssb=0 anda R

proof:

£ e (1)] :]Seﬁem f ()t

= j e A (t)dt = F(s—a) if sa>b
0

Similarly fle?f(t)]=F(s+a)

Inverse form
£YF(sta)]=€f(t)

if £'F(s)=f(t)
Ex: £[e%t’] ="

5t

Sol. f(H)=t> e*=e

According to 1% shift theorem we have

E[e*f®]=F(s-a)  E[f®I=F(9)



T ) [ AT

3+1 4
S

n

51437 _ _L)_ 6 .
> £[e’t°]=F(s-5) —(5—5)“ (s—>s-5)

S ?

EX £7l[2—: H
s“+6s+11

Sol.

6 S s+3-3
465+11 (s+32+2 (S+3)2+2
B s+3 3 V2
C(s+3)2442° V2(8+3*+(2)?

g S gt S+3 3 .. V2
T TSP 46S+1l T (S+32+(W2)2 V2 (S+3°+(W2)°

g S ]_ie—3t£—1 V2

=€

s2+(2)2 2 [(s+3)2+(&)2]
_ e cosy2t - e ¥ siny2t
J2
2. Second shifting (trandlation) theorem (shifting in t-variable)
(1) Heaviside function H(t-a)

0 t<a
1 t>a

H (t-a)
1

»
‘

H(t—a):{




(2) Pulse function

0 t<a
H(t-a)-H(t-b)={1 a<t<b
0O t>b
A
H (t-a) H (t-b)
1
a b t g

(3) Piecewise function in compact form

A: Piecewise function

0 t<a
f(t):{g(t) t>a

How to write f(t) in
compact form?

f(H=9(t) H(t-a)

B. Piecewise function

0 t<a
f(t)=49() a<t<b
0 t>b
g‘\

£t

2t

f(=g(O[H(t-a)-H(t-b)]

|



(4) Shift function g(t-a)H(t-a)

(5) Second shift theorm
E[f(t—-a)H(t-a)]=e*F(s) for sb
if E[f({t)]=F(s) for s>b

proof:

£[f(t-a)H(t-a)]=T f(t—a)H (t—a)edt

= j f(t—a)e Sdt
Let v=t-a, dv=dt , then

.‘.£[f(t-a)H(t-a)]=Te““"")s f (v)dv

g™ jo e f (v)dv



= e™F(9)
Inverse form
£ e ™F (9] = f(t-a)H(t-a)
and £7[F(s)] = f(t)
Ex: £[H(t-a)]=?

Sol: £]1 « H(t-a)] f(t-a)=1

.".According to 2™ shift theorm

£]1 e H(t-a)]=e * £]1] =% e

or £[H(t-a)]:T H(t —a)e *dt

=Te‘5‘dt
0

Ex. solve: y"+4y=f(t)={; Ii

>

y(0)=y'(0)=0
Sal.
write f(t) in compact form
f(t)=tH(t-3)
Sy HAy=tH(t-3)
Take the Laplace transform

£[y"]+ £ly]= £[tH(t-3)]

s?y(s) + 4 y(s) = £[tH(t-a)]



=£[ (t-3+3)H(t-3)]

=£[(t-3)H(t-3)] +3E[H(t-3)]

—3s

=g gf]+35
5

- l —3s 3 —3s

e +— e
s°(s”° +4) s(s” +4)

_31 -3s 3 S -3s 11 -3s 1 1 -3s
e > e ;€ e
4 s 4<°+4 4s 457 +4

y(t)=£7[y(s)]

3 1. 3 S 1 1 1
:_£ —1e—3S_ __£—l e—3S— +_£—l e—3S___£
4[ s] 4 [ 52+4] 4 [ s?
-1r5—3s 1

le 52+4]

According to the inverse form of 2" shift theorm

£ e™F(s)] =f(t—a)H (t—a)
y@z%H@—@ﬁwﬁHm SHE-9EL I -
S +2

+IHE- 9L, s HE-32 £[ ZfLﬂs

:%H(t_3)1—%H(t—3)c052(t—3)+

+%H(t—3)(t—3)—éH(t—3)sin2(t—3)



3.4 Convolution

1. Convolution
(Fg)(t)= j; f(t—7)g(r)dz fort>0

When f(t) and g(t) are piecewise continuous on [0, )
2. Convolution Theorem
L[f*g]=L[f()]L[g(t)]=F(5)G(s) if f*gisdefined.
3. Inverseform
L *[F(9)G(9)]=f*g

where L '[F(9)]=f(t) & L *[G(9)]=g(t)

a 1
B L [s(s—4)2]
-1 1 1 _ 11
Sol. L [5(5_4)2]—L [F(s)G(9)]

F(s)=% LRI = f(t) =1

— 1 - — Aty -1 1 el

G(9)= 2 LIG(E1=60)= "L ]=te

1 1 [ (a4
L [8(8_4)2]=f g_jof(t-r)g(r)dr_jolre dr

= j;%dr(e“f) = %te‘“‘{) —%j; e*de

- lte4t _ i e4‘[
4 16

L Lge 1
4 16 16

4. Commutative

f*g:g*f

[ H(t-o)ae)d = [ glt—o)1 (e)ae

Note: Integral defining the convolution of f and g may be easier to evaluate



in one order than in the other.

5. Application
(1) Solvethe solution of general initial-value problem
y+Ay'+By = f(t): y(0)=C,y'(0)=
(2) Solveintegral equation with function to be determined in the integral
f(t)=alt)+ [ f(t-7)a(c)dr (f(t) is unknown)

Ex.

ft)=2t"+ [ flt-o)gd
f(t)="2
Sol.

L[ O] = L2t?]+ L]t - )+ @]
)= Lo rloile - 4+ F
S S

s+1
S 4
sTlF(S)ZE
Fe= 24, 4

S S S
f(0)=LFG)] - 2t7+ 2t

6. Other properties
(1) Distributive law
f+(g+h)=f*g+f=h
(2) Associative law
f(gxh)=(f xg)*h
8 0xf=f=x0=0



3.5 Unit Impulses and Dirac Delta Function
1. Unit Impulse
S <(t) =1 e [HEO)-H(t- ¢)]
and § 5o 6 . (t)dt=1
S c(t-a) =" e [H(t-a)-H(t-a ¢ )]
(o]

§ oo O <(t-a)dt =1, unit impulse

2. Dirac DeltaFunction

s®=tH6.@

sta=18s.ta
Properties:
o t=a

@ 50 otad=1

3. Laplace Transfer of DeltaFunction ¢ (t-a)

LIsta] =L 6 .ta]= (2F Lio.-a)

Recalling unit step function
S c(t-a) = & [H(t-a)-H(t-a ¢ )]
From 2" translation theorem , we have
L[o :(t-a)]
=Y e LIH(t-a)] -7 & [H(t-a ¢)]
=Y ee®L[1]-Yee®™PL[Y

=Ye « Ys[e®-e® ")



—[eas(l-ec9)] /ES

L HBLIo e = DL Emeesry

= LLf (€= - 29/ 5s]
:e‘aS
ThusL[6 (t-@)] =€®
Ifa=0 L[o(t-a]=1

4. Filtering Property
§0 f(t) s (t-adt =f(a)
if f(t) is continuous functionon[ 0, o)
EX. Iff(t) =e ¥
10 eYo@ad=e™ (t=a)

U LT E% L[6(ta]=e ™

EX §7O f(r)s@to)dc =f(t)
Convolutionformula f* & =f(t)
.. 0 () acts as an identity for the convolution operation.
5. I.V.Pinvolving ¢ function
Y2y’ +2y =6 (t-€ ) y=(0) =y’(0)=0
sol: Take Laplace transfer to obtain

LIy2LIy 2L =LI5 (te)] =e ™

(F+2s+2) Y (9=e®

Y (5 =e ¥/ ($+2s+2)



y(t) =LY (9)]
=L e/ (P+25+2)]
=L e/ sl
=H(t-3) L[ (@'l ¢ - 13
=H(t-3)[ e'sint]¢ - 13
= H(t-3) €™ sin (t-3)
Hint:

| [1 / (s+1)2+1] =e'sint



3.6 Laplace transform solution of systems
1. system equations

X'=2X+3y' +2y=4
2y - X'+3y=0

I.C. x(0)=x(0)=y(0)=0

0= 2y(0) -

Take Laplace transform to yield

s?x(s)— 2sx(s)+ 3sy(s) + 2y(s) =£[4] = g

2sy(s)- sy(s)+3y(s) =

{(32 —25)X(s)+ (3s+ 2)y(s) =

n |

D

[ sx(s)+ (2s+3)y(s)=0 @)
(D+(2)*(s+2)

[(3s+2)+(s—2)(2s+3)]y(s) =

;n | N

YO~ g msa)” g e
yis)= s(2s? +25-4) ss?+s-2) s(s+2)s-1)

X(s)= (2s+ 3)9(5) _ (4s+56)

s ~ $(s+2)(s-1)
x(t)=£‘1[;<(s)]=£‘l{ (8‘152*)(*;1)}
45+6 A B C D -71 .1 1 1 10 1

- J— —+
2(s+2)s-1) S "$'si27s01 25 79 6S+2 3S-1

- X(t)= gy len Way
2 6 3



y(t)=£1l9<s>J=£{s(s+)<s—1)}

__ 2 _A B, C_ 111,21
s(s+2)(s-1) S S+2 S-1 S SS+2 3S-1

Lyt)=£" I I B T
S 3 s+2] 3 s-1 3 3

2.  Multiple mass — spring system

From Newton’s 2™ law

mX, = f1(t)+ kz(xz - X:I.)_ KX,
mXx, = fz(t)_ kz(xz - Xl)_ k3X2

. Ssystem equations of motion are

{mlx1 + (k1 +k, )X:L -k x, = f1(t)
{YTEXZ + (kz + ks)xz - k2k1 = fz(t)

x0)=s %(0)=v,

initial conditions )
Xz(o) =S Xz(o) =V,



3.7 Differential equations with polynomial coefficients

1. Derivatives of transform £ [t” f (t)] neN”

dF(s)
ds

?

d"F(s) _
ds"

?

£[fO]=F( =] ettt

dFdiS) _ % [Ce*
= [ e [tf ()t
=— £ [tf (1)]
s L] =- %

F(s) = £ [f(1)]

d*F(s) _
ds?

d o=
e jo e %tf (t)dt

= j: e St2 f (t)at

= £[2f )]

d2F(s)
ds?

elefw]=

5 d°F(s)
ds®

Similarly £ [t*f (t)]=(-1)

n d"F(9)

elrtol=C =



Ex : £[tsinat]="?

According to derivative of transform, we have

.1 difsinat]
£ [tsinat]=- -
£lana= 2
. d a 2as
Lt t[=—— =
£ [tsinat] d8[82+a2:| (Sz+a2)2
2. D.E with polynomial coefficient
D.E
ty +(4t-2)y —4y=0 y(0) =1,y’(0)=0

sol : Take Laplace transform
£ly]+ €l@-2)y]-aglyl=0
ely]+agly]-2£]y]-4£[y]=0 1)

£ [ty"]=—%

d . |
= _£[s Y(9) - y(0) - y (0)]

__Aevie -
= [s Y(s) s] 2
=-5°Y'(s)—2sY(s) +1

- sy -Y (3)
£ly]=sv(9-y©)=sy-1 (@)

.. Substituting equations (2) ~ (4) into equation (1) yields

4s5+8 v 3

Y‘Jrs(s+4) - s(s+4) ©)



linear 1% —order D.E (y'(x)+ p(X)y)=q(x)

Integrating factor w(s)

4s5+8
u(s) = ot _ grittonaf) _ g (s+4)

Multiply equation (5) by u(s) to obtain

2 oy 2 > 3
@(s+4)v)=s(s+4);E;:5:345+4)

S S (s+4)Y(s) = J'3s(s+ 4)ds+c

=s’+6s°+¢C
S 6 a b e f
Y(s) = + +C —+—+ +
O (svar " (sray {s < sra (sray
1 1 1 3
a:——2 7b:—7C:—2 y T=—
3 16 3 16

yt) = £7Y(©)]



