
Chap 3 The Laplace Transformation

3.1 Definition and Basic properties

1. Definition of Laplace transform

₤[f(t)]=


0
e-st f(t)dt is said to be the Laplace transform of function

f(t), provided the improper integral converge for all s.

Ex. f(t) = eat     ₤ [f(t)] = ?

     ₤ [eat ] = 


0
e-st eat dt = 



0
e-(s-a)t dt = [-e-(s-a)t /(s-a)] 

0

= lim[-e-(s-a)t /(s-a)]+[1/(s-a)]

t→∞

lim[-e-(s-a)t /(s-a)] → 0 as s-a>0

t→∞

∴ ₤ [eat ] = 1/(s-a) provided s > a

2. Linearity theorem

₤ [αf(t) + βf(t)] = ₤ [αf(t)] + ₤ [βf(t)] = α₤ [f(t)] + β₤ [g(t)] 

= αF(s) +βG(s)

pf.

₤ [αf(t) + βg(t)] = 


0
e-st [αf(t) + βg(t)]dt 

= α


0
e-st f(t)dt + β



0
e-st g(t)dt

= α₤ [f(t)] + β₤ [g(t)]

3. Piecewise continuous

f(t) is piecewise continuous on [a,b] if there are at most a finite number
of points tk,k = 1.2……n (tk-1<tk) at which

(1) f(t) has finite jump discontinuity, and )(lim tf
ktt

and )(lim
1

tf
ktt 

exist.



(2) f(t) is continuous on each internal (tk-1, tk).

4. Exponential order

A function f(t) is said to be of exponential order if there exist number b,
M>0, and T>0, such that

∣f(t)∣≦ Mebt, t>T

5. Existence condition of ₤[f] (sufficient condition)

₤[f(t)] exists for s > b, if

(1) f(t) is piecewise continuous on internal [0, k], k>0, and

(2) there are numbers M and b such that |f(t)| ≦ Mebt for t≧0.

(Exponential order)

pf.  Prove ₤[f(t)]= 


0
e-st f(t)dt=

k
lim 

k

0
e-st f(t)dt

From condition (1), we have 
k

0
e-st f(t)dt exists because f(t) is

piecewise continuous on [0, k], so is e-stf(t).

From condition(2), we have
k

lim 
k

0
e-st f(t)dt =



0
e-st f(t)dt exists, since

|


0
e-st f(t)dt| ≦



0
| e-st f(t)|dt ( |f(t)| ≦ Mebt)

≦M


0
e-st ebtdt = M



0
e(b-s)t dt =M/(s-b) if s>b

∴


0
Me(b-s)t dt converges for s>b

so


0
e-st f(t)dt has a finite limit (or converge) for s>b.

Ex. f(t)=t-1/2

∵lim t-1/2 = ∞



t→0+

∴t-1/2 is not piecewise continuous on [0, k]

(cond. (1) not satisfied)

          but, ₤ [f(t)]  exists= √π/s

6. Laplace transform of some basic functions

(1) f(t) = 1

￡[1 ] = dte st )1(
0
  = - ste /s] 

0

=
t

lim (- ste / s)+1/s

=1/s

(2) f(t) = nt

￡[ nt ] = 

0 e st nt dt

let u = st , t=u/s , dt = 1/s du .

￡[ nt ]=

0 e u (u/s)

n
1/s du = 1/ sn 1



0 e u un du

￡[ nt ] = (n+1)/ sn 1 n-1,-2,-3.......

When n is positive integer !)1( nn 

￡[ nt ] = !n / sn 1

(3) f(t) = eat or e at

￡[eat ] = 

0 e st eat dt = 


0 e tas )(  dt



= -1/(s-a)e tas )( 

0


= 1/(s-a) for s > a

Similanly , ￡[e
at

] = 1/(s+a) , s > 0

(4) f(t) = cos(kt) or sin(kt)

eikt = cos(kt)+isin(kt)

￡[eikt ] = 1/(s-ik) = (s+ik)/( ks 22  )

= s/( ks 22  )+ik/( ks 22  )

￡[eikt ] = ￡[cos(kt)] +i￡[sin(kt)]

￡[cos(kt)] = s/( ks 22  ) , ￡[sin(kt)] = k/( ks 22  )

(5) f(t) = cosh(kt) or sinh(kt)

￡[cosh(kt)] = [( ee ktkt  )/2] = 1/2￡[ekt ]+1/2 ￡[e kt ]

= 1/2[1/(s-k)]+1/2[1/(s+k)]

= s/ ks 22 

Similanly , ￡[sinh(kt)] = s/ ks 22 

EX ￡[sin2 t] =
)4(

2
2 ss

7. Inverse Laplace transform

Given a function G(s), a function g(t) such that ￡[g(t)]=G(s) is called
an inverse Laplace transform of G(s), and g(t) =￡-1[G(s)].

(1) Fundemeatal formula



g(t) G(s)

1 1/s

!n / sn 1

1/s-a

cos(kt)
s/ +

sin(kt)
k/ +

(2) partial fraction 部份分式

Ex. ￡-1 [1/﹙s-1﹚﹙s+2﹚﹙s+4﹚]

Sol. 1/﹙s-1﹚﹙s+2﹚﹙s+4﹚= A/﹙s-1﹚+ B/﹙s+2﹚+C/﹙s+4﹚

A=1/15, B= -1/6, C=1/10

￡-1 [G(s)]=1/15￡-1 [1/(s-1)]-1/6￡-1 [1/(s+2)]+1/10￡-1 [1/(s+4)]

=1/15 et- 1/6 e-2t +1/10 e-4t

8. Applications

(1) convent initial value problem into algebra problem

I.V.P → Laplace transform → algebra problem

Solution of I.V.P ← Invese Laplace ← solution of algebra

problem

(2) Solve nonhomogenous O.D.E y’’+Ay’+By=f﹙t﹚where f﹙t﹚is not

continuous

Ex. f﹙t﹚= u﹙t﹚ f﹙t﹚=δ﹙t﹚

(3) Solve equation where an unknown function appears in an integral

f﹙t﹚= - 3 f﹙t-α﹚ dα



3.2 Solution of I.V.P using Laplace Transform

1. Laplace transform of a derivative

￡[f’(t)]=SF(s)-f(0) , if

(1) f(t) is continuous on [0,∞] ,

(2) f’(t) is a piecewise continuous on [0,k] for k>0 , and

(3)
t

lim f(t)=0 , if s>0

p.f

￡[f’(t)]= dttfe st )(
0


  = )(

0
tdfe st

 

= f(t)] 
0 + s dttfe st )(

0
 

=sF(s) +
t

lim f(t)-f(0) = sF(s)-f(0)

2. Laplace transform of higher derivatives

￡[fn(t)] = snF(s)–sn-1f(0) -…………- fn-1(0)

= )0()( 1

1





 k
n

k

knn fssFs

if

(1) f , f’, f’’…… , fn-1 are continuous on [0,∞],

(2) fn is piecewise wntinuous on [0,k] for k>0 , and

(3)
t

lim fj(t)=0 if s>0 , for j = 0,1,2…………,n-1.

Ex.

n=2 ￡[f’’(t)]= s2F(s)-sf(0)-f’(0)



3. Application to I.V.PS

y’’+4y’+3y= et ; y(0)=0 , y’(0)=2

Take Laplace transform to yield

￡[y’’+4y’+3y]= ￡[ ]

￡[y’’]+4￡[y’]+3￡[y]= ￡[ ]

￡[y’’]= s2￡[y]-sy(0)-y’(0)= s2Y(s)-2

￡[y’]=s￡[y]-y(0)=sY(s)

s2Y-2+4sY+3Y=1/(s-1) (algebraic equation for Y(s))

(s2+4s+3)Y=1/(s-1) +2

Y(s)=1/(s-1)(s+1)(s+3) + 2/(s+1)(s+3)=A/(s-1) + B/(s+1) + C/(s+3)

A=1/8 , B=3/4 , C=-7/8

y(t) = ￡-1 [Y(s)]

=1/8￡-1 [1/s-1]+3/4￡-1 [1/s+1]-7/8￡-1 [1/s+3]

=1/8 +3/4 -7/8 .



3.3 Shifting theorem and the Heaviside Function

1. First shift (translation) theorem (shifting in s-variable)

£[ ate f(t)]=F(s-a) for s>a+b

if £[f(t)]=F(s) for s>b≧0 and a R

proof:

£[ ate f(t)] =




0

)( dttfee atst

= )()(
0

)( asFdttfe tas 


 if s-a>b

Similarly £[ )()]( asFtfe at 

Inverse form

£-1[F(s )a ] )(tfe at

if £ )()(1 tfsF 

Ex: £ ?][ 35 te t

Sol. f(t) 3t tat ee 5

According to 1st shift theorem we have

£ )()]([ asFtfeat  £ )()]([ sFtf 



∴£ )(
6!3

][ 413
3 sF

ss
t  

 £ )5(
)5(

6
)5(][ 4

35 


 ss
s

sFte t

Ex: £ 1 ?
116

[ 2 
 ss

s

Sol.
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2
[

22
1




S

= te 3 £ te
s

s 3
22

1

2
3

]
)2(

[  


£ ]
)2()3(

2
[

22
1




s

tete tt 2sin
2

3
2cos 33  

2. Second shifting (translation) theorem (shifting in t-variable)

(1) Heaviside function H(t-a)









at
at

atH
1
0

)(

a

1

t

H ( t - a )



(2) Pulse function















bt
bta

at
btHatH

0
1
0

)()(

a b

1

t

H ( t -a ) H ( t -b )

(3) Piecewise function in compact form

A: Piecewise function









attg
at

tf
)(

0
)(

How to write f(t) in
compact form?

f(t)=g(t) H(t-a)

B. Piecewise function















bt
btatg

at
tf

0
)(

0
)(

f(t)=g(t)[H(t-a)-H(t-b)]



(4) Shift function g(t-a)H(t-a)

(5) Second shift theorm

£ )()]()([ sFeatHatf as for s>b

if £ )()]([ sFtf  for s>b

proof:

£[f(t-a)H(t-a)]=



0

)()( dteatHatf st

=



a

st dteatf )(

Let v=t-a, dv=dt , then

∴£[f(t-a)H(t-a)]=




0

)( )( dvvfe sav

= dvvfee svas )(
0

 



= )(sFe as

Inverse form

£ )()()]([1 atHatfsFe as 

and £ )()]([1 tfsF 

Ex: £[H(t-a)]=?

Sol: £[1˙H(t-a)] f(t-a)=1

∴According to 2nd shift theorm

£[1˙H(t-a)]= ase £[1]= ase
s

1

or £[H(t-a)]=



0

)( dteatH as

=




0

dte st

= ase
s

1

Ex. solve: y"+4y=f(t)={
3

3

0 



t

tt

y(0)=y'(0)=0

Sol.

write f(t) in compact form

f(t)=tH(t-3)

∴y"+4y=tH(t-3)

Take the Laplace transform

£[y"]+ £[y]= £[tH(t-3)]

s 
__

2 )(4)( sysy £[tH(t-a)]



=£[(t-3+3)H(t-3)]

=£[(t-3)H(t-3)]+3£[H(t-3)]

= se 3 £[t]+3
5

3se

=
s

e
s

e ss 3

2

3

3




∴ )(
_

sy = ss e
ss

e
ss

3
2

3
22 )4(

3
)4(
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



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s
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3
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e s

According to the inverse form of 2nd shift theorm

£  )]([1 sFe as f )()( atHat 

y(t) = )3(
4
3

tH £ )3(
4
3

]
1

[ 3
1 
 tH

s tt £ 322 ]
2

5
[  tts

+

+ )3(
4
1

tH £ 32
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1
[ 


tts

-
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1

)3(
4
1
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2

2
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3

1)3(
4
3

ttHtH

)3(2sin)3(
8
1
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1
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3.4 Convolution

1. Convolution

(f*g)(t)= 
t

dgtf
0

)()(  for t 0

When f(t) and g(t) are piecewise continuous on [0, )

2. Convolution Theorem

L[f*g]=L[f(t)]L[g(t)]=F(s)G(s) if f*g is defined.

3. Inverse form

L 1 [F(s)G(s)]=f*g

where L 1 [F(s)]=f(t) & L 1 [G(s)]=g(t)

Ex. L 2
1

)4(
1

[




ss
]

Sol. )]()([]
)4(

11
[ 1

2
1 sGsFL

ss
L  



F(s)=
s
1

, L 1)()]([1  tfsF

G(s)= ,
)4(

1
2s

L[G(s)]=G(t)= tt te
s

Le 4
2

14 ]
1

[ 

 dedgtfgf
ss

L
t t

 


 

0

4

02
1 1)()(*]

)4(
1

[

=  
tttt

deteed
0

4
0

44

0 4
1

4
1

)(
4
1

 

=
16
1

16
1

4
1

16
1

4
1 44

0
44   eteete ttt

4. Commutative

     


t t

dftgdgtf

fggf

0 0


Note: Integral defining the convolution of f and g may be easier to evaluate



in one order than in the other.

5. Application

(1) Solve the solution of general initial-value problem

  DyCytfByAyy  0',0;'"

(2) Solve integral equation with function to be determined in the integral

    
t

dgtftqtf
0

 (f(t) is unknown)

Ex.

  
 ?

2
0

2



 


tf

dttftf
t

et 

Sol.
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



6. Other properties

(1) Distributive law

  hfgfhgf 

(2) Associative law

   hgfhgf 

(3) 000  ff



3.5 Unit Impulses and Dirac Delta Function

1. Unit Impulse

δε(t) = 1 /ε[H(t)-H(t-ε)]

and ∫∞
-∞ δε(t)dt=1

δε(t-a) = 1/ε[H(t-a)-H(t-a-ε)]

∫∞
-∞ δε(t-a)dt =1 , unit impulse

2. Dirac Delta Function

δ(t) =ｌｉｍ
ε→０δε(t)

δ(t-a) =ｌｉｍ
ε→０δε(t-a)

Properties:

(1)








at
at

at
0

)(

(2) ∫∞
０ δ(t-a)dt = 1

3. Laplace Transfer of Delta Function δ(t-a)

Ｌ[δ(t-a) ] =Ｌ[ｌｉｍ
ε→０δε(t-a)] = ｌｉｍ

ε→０ Ｌ[δε(t-a)]

Recalling unit step function

δε(t-a) = 1/ε[H(t-a)-H(t-a-ε)]

From 2nd translation theorem , we have

Ｌ[δε(t-a) ]

= 1/εＬ[H(t-a)] - 1/ε[H(t-a-ε)]

= 1/εe-asＬ[1] - 1/εe-(a+ε)sＬ[1]

= 1/ε‧1/s [e-as - e-(a+ε)s ]



= [e-as (1- e-εs)] /εs

∴ ｌｉｍ
ε→０Ｌ[δε(t-a) ] = ｌｉｍ

ε→０
[e-as (1- e-εs)] /εs

= ｌｉｍ
ε→０ [(e-as ‧se-εs) / s ]

= e-as

ThusＬ[δ(t-a) ] = e-as

If a = 0 Ｌ[δ(t-a) ] = 1

4. Filtering Property

∫∞
０ f(t)δ(t-a)dt =f(a)

if f(t) is continuous function on [ 0 , ∞)

EX. If f(t) = e –st

∴ ∫∞
０ e –stδ(t-a)dt = e –sa ( t = a)

根據 L T 定義 Ｌ[δ(t-a) ] = e –sa

EX ∫∞
０ f(τ)δ(t-τ)dτ =f(t)

Convolution formula f * δ = f(t)

∴δ(t) acts as an identity for the convolution operation.

5. I.V.P involvingδfunction

y”+2y’+2y =δ(t-ε) y=(0) = y’(0) = 0

sol: Take Laplace transfer to obtain

Ｌ[y”]+2Ｌ[y’]+2Ｌ[y] =Ｌ[δ(t-ε)] = e –3s

(s2+2s+2) －
Y (s) = e –3s

－
Y (s) = e –3s / (s2+2s+2)



y(t) =Ｌ-1[－Y (s)]

=Ｌ-1 [e –3s / (s2+2s+2)]

=Ｌ-1 [e –3s / (s+1)
2

+1]

= H(t-3) Ｌ-1 [1 / (s+1)
2
+1] t → t-3

= H(t-3)[ e-t sin t] t → t-3

= H(t-3) e-(t-3) sin (t-3)

Hint:

Ｌ-1 [1 / (s+1)
2

+1] = e-t sin t



3.6 Laplace transform solution of systems

1. system equations








032
4232

yxy
yyxx

I.C.    0000  yxx

  ??  tytx

Take Laplace transform to yield

    sysyssxssxs 2322 £
s
4

4 

   032  sysyssys

   
s

syssxss
4

2322  (1)

   032  syssxs (2)

(1)+(2)*(s+2)

    
s

sysss
4

32223 

       12
2

2
2

422
4

22 








sssssssss
sy #

    
  12

6432
2 







sss
s

sy
s

s
sx #

 tx £   sx1 £   










12
64

2
1

sss
s

   1
1

3
10

2
1

6
11

3
1

2
7

1212
64

222 

















SSSSS
D

S
C

S
B

S
A

sss
s

 tt eettX
3

10
6
1

3
2
7 2 


  #



ty £   sy1 £   










12
21

sss

   1
1

3
2

2
111

1212
2
















 SSSSS
C

S
B

S
A

sss

 ty £
3
111 





s
£

3
2

2
11 








s
£ 








1
11

s
tt ee

3
2

3
1

1 2   #

2. Multiple mass–spring system

From Newton’s 2nd law

  
   23122222

11122111

xkxxktfxm
xkxxktfxm








 system equations of motion are

  
  tfkkxkkxm

tfxkxkkxm

21223222

12212111








initial conditions

 22

11

0

0

sx

sx


 

 22

11

0

0

vx

vx










3.7 Differential equations with polynomial coefficients

1. Derivatives of transform ￡  Nntft n )(

?
)(


ds
sdF

?
)(
n

n

ds
sFd

￡  
 

0
)()()( dttfesFtf st


 

0
)(

)(
dttfe

ds
d

ds
sdF st

 dtttfe st
 

0
)(

 ￡ )(ttf

￡ 
ds

sdF
ttf

)(
)( 

)(sF ￡ )(tf


 

02

2

)(
)(

dtttfe
ds
d

ds
sFd st


 

0

2 )( dttfte st

￡ )(2 tft

￡  2

2
2 )(

)(
ds

sFd
tft 

Similarly ￡    3

3
33 )(

1)(
ds

sFd
tft 





￡    n

n
nn

ds
sFd

tft
)(

1)( 



Ex：￡  ?sin att

According to derivative of transform, we have

￡  att sin
 
ds

atdL sin

￡  22sin
as

a
at




￡ 
 22222

2
sin

as

as
as

a
ds
d

att











2. D.E with polynomial coefficient

D.E

  0424 '"  yytty 1)0( y , y’(0)=0

sol：Take Laplace transform

￡ "ty ￡    '24 yt 4￡ 0y

￡ "ty 4￡ 'ty 2￡'y 4￡ 0y (1)

￡  
ds

ydL
ty

"
" 

 )0()0()( '2 ysysYs
ds
d



 ssYs
ds
d

 )(2 (2)

1)(2)('2  ssYsYs

￡    )0()(
'

' yssY
ds
d

ds
ydL

ty 

YsY  ' (3)

￡ 1)0()('  sYyssYy (4)

Substituting equations (2)～(4) into equation (1) yields

   4
3

4
84'








ss

Y
ss
s

Y (5)



------------- linear 1st–order D.E   )()(' xqyxpxy 

Integrating factor )(s

      2244
84

4)(
22




 


ssees ssn
ds

ss
s



Multiply equation (5) by )(s to obtain

        43
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44 2222 


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 ss
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     cdssssYss 43)(4 22
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








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
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
 2222 444
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1

a ，
16
1

b ， 23
1

c ，f=
16
3

)(ty ￡-1[Y(s)]


