VII. Residuce Integration Mathod
1. Integralsof the from J‘Ozn F(cos6f,snf)do

F(cosO,sing) = rationa function of cosf & sind
method

Convert the real integral into complex integral by letting
z=cos3+ising=¢€" 0<9<2r7
dz=ie"d3 =izd9

codg=¥
iz
e’ +e” z+z?
Cos9 = > = >
And . .
. el +e z-77
sing = = _
2 2i

|:jj”F(cosg,sing)ds:fCF(%(Z—z1))% Cl4=1

EX Evaluate | 1 4
0 (2+cos$)?

Sol~

The complex integral form of the aboverea integral is
4 z
| =—|—————dz c=|Z=1
T IC(z2 +4z+1)? 4

Poles of m arez=-2++/3 andonly -2++/3 isinsider
z°+4z+

the unit circle C.

Hence,according Residuce Theorem, we have

an
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[ s dz=27 Res 12
Y (22 +4z+1) 252433

"' -2+4/3 isapoleof order 2.

25243 (2° +4z+1)?

Res f(7) = lim —{(Z (-2++/3))? 2

d z 1
= lim_ — =
2243 dZ[(z2 +2+1/3)2} 63

" rn 1 4 1 A

- d9==
0 (2+cos9)? i 6\/_ 33
2. Integrals of the Form j ) f(x)dx
f(x) iscontinuous on (o0,-c0)

[ 109dx = lim]  (ax + lim [} f(xaix
Q) j Z f(x)dx isconvergent if both limits exist
2 j Z f(x)dx isdivergent if one or both of the limits not exist
(3 If weknow (apriori) that J'Z f(x)dx converges then

f f(dx = lim j F; fOJdx ... (1) symmetric limit

NOTE: symmetric limit in Eq(1) may exist even though J'Z f(x)dx is
divergent.
EX '[Zxdx
Sol~
_[ xdx—llmj xdx+I|mj xdx = divergent

r—oo

But, symmetric limit

I|m xdx_llm ‘ {RZ (R)} 0

R— R—o




(4) Cauchy principa vaue

PV [ f(9dx=lim | (i
@) if jz f(x)dx converges then jz f(x)dx=P.V jz f(x)dx

(b)if  diverges PV[ f(x)dx still exists

(5) Evaluation by Residue theory
f(x) = % continuous on (- o0,
() Replace X by Z
P2
f(2) = 2
9~

(b) Integrate f(2) over aclosed contour C when C:[- RR]UC, encloseall

Poles of f(z):% in upper-half plane Re7>0

(c) Apply Residuce Theorem
j f(2)dz = 27 > Resf(2) = j f(2) + j F; f(x)dx Z, :polesin upper-hlaf
¢ ko1 Z & )

Plane
(d) Evaluate Cauchy principal viue

o0 . R _ . n
P.V j  f9ax = lim j {0 =2 kZ; Resf(2)

—1 £745K

EX Evduate P.V j‘”( . 1)1( . g)dx
= (X + (X +

Sol~

f(2

= ole +i3i
(2 +1)(z° +9) P
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o ﬁ:(zz+1)(z2+9)G|Z_27Z1(F§-°?S @+ ResT@)=2m g )= 12

f10=]" ——o—dz+| ———dz @R
c R X"+ +9) Ce(z°+1)(z°+9)

sufficient condition for J'C f(2dz=0
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Theintegral dong C; approacheszero asR— c«o when the derominator of
f(z2) isof apower at least 2 more than its numerator

L (R 1 T
« lim j 5 —dx=——
Ro= R (X" +1)(X° +9) 12
(3) Integrals of theform [* fxax cosaxdx or [” f(xydx Sinaxdx

P(X)
f(x) =
) 3

continuous on (- o0,00)
(x)

Fourier Integral
j_ " f(e'dx = j " f(x)cosaxdx + i j " f(sinaxdx a >0

Residuce methods
(a) Replace X by Z
f(2)e'“dz
(b) Integrate f(2)€' over aclosed contour C:[- R R]u C,, enclosing the
polesof f(z) intheupper plane

EX Evauate the P.\/J‘w x? nde
0 Xx“+9
Sol~
wxsinxl _ » XSINX
"V, X490 %LC x2+9dx



R X
—e dz= —e'zdz + z—e'xdx 271 Res(—;
c2*+9 c 2° +9 RXx°+9 z-3" 2° +9 €

InZ
Cr
o
-E E
,_,<-3i
z .
Poleof —; €” one +3i
Z2°+9
y o X . fROOX T,
o o P.VI Z—E'XdX=|Im 2—e'X=—3I
X" +9 Rood-R X% 49 €
o X )
:P.\/I 5 cosxdx+J' sin xdx
= X°+9 = X% +
.. P.VI . cosxdx = 0
-0 X 4

© X : T
PV sinxdx=—
L@ x* +9 e’

(4) Indented contours
j f(x)dxj' f (X) cosaxdx or j f (X)sinaxdx inwhich f(x)_ggg

have pales on the real axis
Supper f(X) has asimplex pole z=c on the real axis

Evaluation of j‘ﬂ f(x)dx and j‘ﬂ f (x)€'“*dx
(a) Replacex by z
(b) Integrate f(2)or f(2)e' over aclosed contour
C:[-RC-r]u[C+r,RJuC, encloring the polein upper-half plane

{f@dz=[""f@dz+[_f@dz+[ f(2dz+ [ f(az

= Zm; I;%:eZ;sf (2)
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X X% Az
E

(© lim[ f(zdz=0

!LTLR f(9)dz=7i Res f (2)

(4) Evaluate Cauchy principal value
* i H R iax . iaz
P.vj_wf(x)e'de:mj_Rf(x)e =24 (f(2)e)

z=7,

EX Evaluate PV j‘” %dx
TOX(XT —£ZX+

Sol~
f(2) =

—————— poles: O
2(2° -2z+2) P

Evaluate L e”?dz where C is chosen as follows

¢ 2(z* -2z+2)

InZ

R S S e

. e’? o gl .
=27 Re§ —————— | = 27i(~ @+i))
=i 2(2° 22+ 2) 4




As R— oo,r - 0,wehave

e.

P.\/sz—dx—m'Re Ze—
= X(X° —2X+2) =0 | 2(z2°-2z+2)

=27ri{— e_:i L+ i)}

. iX : —1+i
e PV S k=T 2 - = (L)
2 X(X° —2X+2) 2 4

.+ PV J' cosX P dx="e"(sinl+cosl)
» X(X* — 2X+ 2) 2
No

PV Iwm :%[14- eﬁl(Sinl— COS].)]



