VII. Series and Residues

1. Sequence and series
(1) Sequences
() Definition
A Sequence{ z,}isafunction whose domain is the set of positive integers.

EX: Sequence{1+i"} is1+i, 0, 1-i, 2, 1+i, ...........
Somain n=1, n=2, n=3, n=4, n=5, ......

(i) Convergence
A sequence{ z,} convergesto acomplex number L iff R,(z,)and
|,.(z,) convergesto 1 (L)
limz, =L

nN—o0

EX: {1+i"} divergent

s n+l

EX:{ - } convergent sequence
in+1
Iim( j: 0
n—o0 n
(2) Series

0) Infinite Series

YZ =2 +Z,+ ot Ly + .
k=1
(i)  Geometric Series

0

ZaZ"‘l —a+aZ+aZ%+..+aZ"t+...

k=11
Specia Geometric series

L ovzezee z| <1
1-Z

1 2 3
——=1-Z+7*-Z7°+.. |[Z]<1
1+7

(iii)  convergence of series

If the sequence of partial sums{Sn} convergesto L, the the series Z Z,
k=1

convergesto L.



EX: Geometric series z az*?

k=1

Sol: n™partial sum Sn of geometric seriesis Sn = atAz+....+aZ"'= a(i:i”)
{Sn}: Sequence of partial sums of series
IimSnzlima(l_Zn) = -2 when [Z]<1
e " now 1-7 1-7
IimSn:Iima(l_—Zn) divergeswhen |Z|>1

n—oo n—o 1_ Z

(iv)  convergence Test
A. Absolute convergence

The series izk converge absolutely if zw:|zk| converges
k=1

k=1

B. Ratio Test

Zn+1

Suppose Z Z, isaseries of nonzero complex terms such that lim =L

k=1 n—oo

(@ If L<1, then the series converges absolutely
(b) If L>1, or L=, then the series diverge
(c) If L=1,thetestisincondusive
C. Root Test
Suppose Y Z, isaseries of complex termssuch that limy/|Z | =L
k=1 n—oo
(a) sameasB(a)
(b) same as B(b)
(c) sameasB(c)

(3)Power Series
(i) Definition
A power seriesin (Z —Z,) isaninfinite seriesof the form :
k=0
a, = complex coefficient ; Z = center of theseries
(i1)Circle and radius of convergence

If the series ) a,(Z-Z,)" convergesfor |Z—-Z,|< R and divergesfor
k=0

|Z-Z,|>R ,where 0<R<w thecircle |Z-Z,=R iscaledthe



circle of convergence, R is called the radius of convergence.

From ratio test the condition for convergence of power series

Zak (Z - Zo)k
k=0

|qk+1( _ZO)k+1 sy
kaoo| dy (Z ZO) k—>o0

a
.'.|z—zo|<;—%: R
Ilmqk+l
k—o0 qk

The radius of convergence R can be:
Radius of convergence

R=0 (L=wx)
R:}/L (O<L <o)
R=0w (L=0)

<A similar remarks for root test by using Iima‘/|an|
n—o0

Ex - DOWer Series i (-)*H(z-1-1i) radiusof convergenceR = ?
P k! circleof convergence?
Sal : Using ratio test, we have
(_1)n+2
|
llno;l n+1 _||r2 # — 'no'cli:(): L
n— an n— ( 1) n—onN+1
n!
~.radiusof convergenceR = 1_ 0

L
circleof convergence|z-1-i| =

.. series convergencefor al z

6k+1)( z-20)¢ R=2[z-2,]=7

Ex : power series Z(
k=1

Sol - an=(6k+1)”
2k +s




root test

6n +1 . 6n +1
|Im1”/ =limn =3=L
n—»w | n—w n—m 2n+5

.. Radiusof convergence R =

|~
Wl

Circleof convergence | z— 2i |=?1)’

. Series convergencefor | z— 2i | < %

(iii) Properties of apower series within the circle of convergence

A. Continuity

A power series Z a (z-z,)* represents acontinuence function
k=0

f(2)
B. Term-by-Term

A power series " a, (z— z,)" can be differentiated term by term
k=0

C. Term-by-Term Integration

> a(z-12z,)* canbeintegrated term by term for any contour Cin

1z-z,|<R

Taylor Series
(1) Taylor series
If f(z) isanalytic in theinterior of acircle with center Z, and radiusR

then V|z-z|<R wehave

- o 00
f(2)=) a(z-2) =f(2)= Z%(z— z,)* represented by power
k=0 H

k=0
series ,which are called Taylor series of f(z) with center Z,

SR
f@=3" 07"

(2) Taylor Theorem



Let f(z) be analytic within the domain D containing Z,. The f(z) hasthe
representation

» (k)
(@)= )z g
o K
valid for the largest circle C with center of Z, and radius R contained in D
[proof]

z = fixed point with C
S= variable of integration

From Cauchy Integral theorem , we have

- L §f(s)d

2ries—z
_ 1§ f(s) gso L ¢ f 1 s
2riv(s—z,)—(z-1z,) 2riY s—-1z, 1_(2—20)
s—z,
1 § () [1+ ZO+( _Z°)2+ +(Z_ZO "y (5-2%) ]ds
T 2ni z, s-z, s-z' 7 s-2, (s—-2)(s—-2z,)""
1 J f(9) yo, (2= z0)§ f(s) (z—zo)”‘1§ (9 4o,

2ri cs—zO 2ri Y (s- z) 2 i ¢(s—2zy)"

(Z_Zo)nf f(s)

2ri L (s-2)(s—-z)"

From Cauchy Integral formulafor derivative We have

" f(s)
f(O)_Z |§(s z,)"* S

From Cauchy Integral formulafor derivative
We have

(2= 1(z)+ (2-2))% +....

(z-2)+

f'(z) F"(z)
1 1
L@

o %R




EC N B C
@ri) Yoz

Now, show that R, (z) =0
From ML-inequality, we obtain

|(z-2) f(9) -z f(s) ||
IRn(Z)|_| 2| Ei;(s 2)(s—z,)" ‘| 2zi | (s-

(2| <M, [s-z,|=R, |z—2|=d ,[s-74>R-d

5

_ M _ MR d,,
“IR.(2) < 2 (R- d)R“Z”R_ R—d(R)

N .
.(R)<1 (R) -0 asn-—>
.'.IimRn(z):O

L E@)=f(z)+ ( ) (7 g)+ B )2

2

o (k)ZO i}

:Z Kl (z— Zo)
k .

Ex : Expand f(2) =1i in Taylor serieswith center z, = 2i
Sal :
f(2) _i

A

1
1-2)°

1
1-2°

f'(2) =

f"(2) =

nl

f n(z) = (1_ Z)n+1

Radius of convergence of above series ?
By ratio test , we have



1

a| o l@-2™ 1 1

lim—= =lim-————=lim——=—

n—w an n—ow ; n—w |1_ 2|| /5
(1_2i)n+l

.. Radiusof convergesR is R :i -5

G

Circleof convergesis | z-2i | =+/5

. Seriesconvergesfor | z— 2i | < J5

Ex : Expand f(z)zi inaTaylar serieswith center z, =0
1

Sol : From geometry series, we have

n+l
Zn+1

Zn

.|z
=lim

nN—o0 Z
n

lim

nN—o0

=|7<1 for convergence

3. Laurent series

(2) Annulus
A ring-shaped region between tow circles
(2) Open annulus A

An open region between circles [z— zy| =T
And |z-z)|= R withr <R

A={z|r <|z-z|< R

Some possible annulus domain

r R domain

finit :
0 nte Interior of |z—2z,|=R except Z,




0 : .
7 % All points exterior to |z—zy|=r
0 o0 Entire complex plane except Z,
finite finite

Points exterior to [z-z|=r and

interior to [z—z,|=R

(3) Laurent Series

-1
Support that ) q,(z-2z,)* convergesintheregion|z-z,|>r and

R=00

-1
> a(z-2,)" convergesinthedisk |z-z,|> R. Both series converges
R=0w0

in the open annulus 1 <|z—z,|< R Thesumiswritten as

iak(z_ Zo)k

k=—00
which represent an analytic function in the annulus. All expansions of
thistype are called Laurent series

(4) Laurent theorem

Let f(z) be anaytic within the annulus domain A defined by

1<|z- z,| < R.Then f(2) has the series representation

@)= 3 g (z-2,)"

k=—o0

vaidfor r <|z—z|<R .coefficient a, aregiven by

1 J f(s)

T 2119 (5 25) "

ds k=+0,+£1,+2,

When C issimple closed curve within A with z, intheinterior




[ proof ]

C,&C,=circles withr<r, <r,<R and 1, <|z—7]|<r,

From Cauchy Integral formula

(2= L J f(9) 4oL J SO

2ri Czs—z 27r| aS—2

1, f(s)
— d
aniszs 20" %ak(z %)’

Where

a == —J g k-012.
2m i (s—2z,)""

1 (9 1 (9 1
21 fﬁa (s—1z,)" ds.= 27T|£12 z, ) _S—Z% @
z-2,

1 i1‘(5)){l+s—zoJr(s—zo)2+ +(s—zo 1 (s—z)" 1ds

ritez-z" z-2, Z-% 27, (2-9(2-%)""
Y TR
Where
a = — O _ds k-123
2rida(s—z,)""
and
R (2=t f 12 g

2ri(z—2zy))%= z-s

Now show that |im|R,(2)| — 0



Let ‘Z_Zo‘ =d, max(|f (2| =Mon C,

Because |5 -7 = T,

z-s|=|z-2-(s-2) = |z-Z-s-2] =d-1,
ML-equality gives

1 f(s)(s - z)" 1 Mr, MT, Iy,

A —— 2 g < LM NI
‘27“(2—20) z-s 27d d—rl d-r, d

Because ,<( ( H">0 a n->o

So limRn(2)|-> 0

1 fls) , & a
%§ BRILAED)

Cl(S—Z) k:l(z _ZO)
Combining equations (2) and (6) , equation (1) yields

o0

F(Z)‘Z&(z 2,)" Z(Z z)
k= 0

o Yalz-2)"

k=—c0

And equations (3) and (5) can be written asasingle integra

1 f(s) _
ak - — § c mdz k - O .+1,'1,+2,'2 .....

Remarks:

A If a. = O fork=-1,-2.....

Laurent seriesis Taylor series. Laurent expansion a generalization of a Taylor
series
B. Theformulafor the coefficients g, of aLaurent seriesis seldom used

() geometric series: 1 1

3} ‘
=
+
N



(b) known series: Sinz, Cosz g ......

Expand f(z) = _ inaLaurent seriesvalid for
z-(z-1

@0<|4<1  (b)i<|d  (90<|z-U<1 (d)I<[z-I<w

_1,1 1 oy L :
@ f(z2)= Z(1_2) Z(1+z+z+...) (+z+7+..)

1
Z

converges for |2>0

47 +7 4. converges for |7<1

= |4 <1 for convergence

m—>o0

0 i-(1+Z +Zz+....) convergesfor  0<|7<1

. 12

7

!
v f \ /
k// A /jf,\ /
VL v
(@ - (b)
-1t oty 14,11 - 1.1
(b)) f(2)= Z((Z—l) Z(l_l) 22(1+Z+22+....) 22+23+....
z
1

2+n+1

1 .
—| <1 for converges for series
z

ratio test

2+n

z

S0 1<|z|



