VI. Integral in the complex plane
1. Contour Integral
(1) Contour integral (complex lineintegral)

Let f(z)=u(x,y)+iv(x,y) be defined along a piecewise smooth
curve (contour or path) c defined by z=x+iy
The contour integral of f(z) alongcis

Lf (z)dz = J'c(u +iv)(dx+dy)= L(udx —vdy) + iL(vdx +udy)

—Twored lineintegra
(2) Alternative form

Assume smooth curve cisdefined by z(t) = x(t) +iy(t) ,a<t<b
Then

J, @z = [T -y b+ T @)+ uy O b

u = u(x(t), y(t),v = (x(t) + y(t))

- [f(@dz= jb [(u+iv)(X() +iy' () bt = jb f(2(t))Z ()t
_dz .
(dz= " dt=Z()ch)

Ex: evaluate E dz

C:z(t) = cost +isint
Sol: method1.:
z(t) = cost +isint
Z'(t) =-sint +icost

B R L e ] R

z o Z(t) 0 cost+isint
method2:
z(t) = cost +isint = "
Z’(t)— '
[ Oy (I g,
cz o Z(t)

(3) Basic properties of complex lineintegral
A. Linear operation



[[of )+ a2z = | f(2)dz+ B[ 9(2)dz
B. Decomposition
Lf (2)dz = L f (2)dz+ j f(2)dz if c=c =c,
C. Reversion
LO f(2)dz=- j" f(2)dz
(4) A bounding theorem (ML-inequality)
If |f(z2<M forall zonc, then Ucf (z)dz‘ <ML wherelL isthe
length of ¢
EX: L% c:z(t)=cost+isint,0<t< 27

Sol: f(z):%

|f(z)|:H:isle foralzonc
Y4

- According to ML-inequality, we have
i
¢z

2. Cauchy-Goursat Theorem (Cauchy Integral Theorem)
(1)Simple closed contour (path) a close path doesn’t intersect itself

(2)Simple connected domain

<ML = (1)(27)

Every simple closed contour C lying in domain D can be shrunk to a

point
Without leasing D
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simple connected dimain not simple connected dimain

(3)Cauchy-Goursat Theorem

A. Suppose afunction f(z) isanayticinasimple connected domain D,

Then for
Every simple closed path Cin D

§C f(2dz=0

B.If f( inanalyticat al points within and asimple closed contour
C, Then
§C f(2dz=0
[Poof]
§C f(z)dz = §C (udx - vy) +i ﬁ; (vdx + udly)
According to Green Theorem, we have
og of

[ fdx+gdy=ij(&-ay

ov ou
jc(udx-vdy) = jD j (-&-E)dA
ou ov
jc(vdx+ udy):jDJ'(&-@)dA
© () isanalyticinD
.".Cauchy — Riemann equation are satisfied

Thus
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Hence

I, =0
1,=0

§C f(2dz=0

EX: Evaluate {e’dz=0 C: simple closed contour

(Sol)
§Cezdz -0 isentirefunction

e’ i1sanalytic on entire complex
Form Cauchy integral theorem, we have

ffcezdz =0

2
dz c:(x—2)2+¥:1

Ex. Evaduate ¢—
¢z

C 1]

50 simple
closed

contour

l
ReZ

(0,0)

f(2) = 2—12 analytic except z=0
s f(2) = 2—12 Isanalytic within and on c.
Acconding to Cauchy integral-theorem, we have
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If the contour Cis x? +7 =1,
Then d—f =7
€2

)
(n,n)\ j ReZ

(4) multiple connected domain (MCD)
A domain is not simple connected called
Multiple connected domain

hsle

(5) Cauchy Integral Theorem for MCD Let C,,C,,C,..C, besimple

closed curves with positive orientation. Courves C,,C,,C,..C, are

interior to curve ¢ and have no points in common.

If function f(z) isanalytic on each contour and at each point interior



to C but exterior to al the C_, then

if(adz=ji£ f (2)dz

[proof]

;i#+%f@m+2@+ﬁ

0

=@+ 2}, F@dzt [ M@z

=0 (Form Cauchy integnal theorem)
{f@az=-3} r2a=3} sz
k=170t [ Rkt



Principle of Deformation of Contour

f(z)dz

1f(z)dz+jm +L3¢ +§Cf(z)dz

J

© Jetreotcs
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(Cachy integral theorem)
if (2)dz = iﬂ f(z)dz

[note]
Thisformulaallow usto evaluate an integral over an complex simple closed
contour by replacing a simple contour.

Ex:

Evaduate I=§> dz‘ » cisasshown
cz—i



|zi—il=1

Sol
1 . , ,
f(z)=—— isanalyticexcept z=i
z-i
let contour ¢, :|z—i|=1 enclosing
thepoint z=i

1‘(2):Z—ii is analytic between ¢ & ¢, andon & C,

.. from Cauchy-integral theorem for MCD > we have use complex line

integral to evaluate §Q£
Z—i

Q:|z:i|=1
z-i—@ 0<t<2z
dz=ig dt

-t
of 2 rled

ch_I 0 it 0

=27

EX:

j; dz
Evaluate Jz?+1

C:|2=3
Sol



()CE

f(z)= 21 isnot analyticat i

27 +1
g1
c, =[z-i|==
Take :2L with no common point
:|z+i|:5

Form Cauchy integral theorem form MCD > we have

§ dz dz +§ dz
cz2+1 Yo z?+1 ‘o, Z22+1

2|Uclz—| clz+|} 2|[§ z-i Cz;jl

=r-n=0
3.Independence of Path
(2) path independent
if f(z) isananaytic functionin asimple connected domain D - then

Lf (z)dz isindependent of the path Cin D

[1(z)z= Flz,)-F(2)

where z, & z, areinitial point and end point of contour C ; f(z) isan



antiderivative (or indefiniteintegral) of f(z) inD » F'(z)= f(2)
[proof]

contourc, & ¢, are continuous in asimple connected domain D-and c& c,from
aclosed contour
-+ f(z)isanalyticin D » from Cauchy integral theorem » we have

£_Cl f(z)dz=0

Lf (z)dz= L f(z)dz

independent of path

EX:

Evauate | =L22dz C : given as shown

=L

=

Sol
f(z) = 2zisentire function

Sl= J'CZZdzisindependent of path



1+i

sl= LZZde I Zl:fll” 2zdz = 7*

-1
~ (14 - (-1
=-1-2i
4.Cauchy Integral Formula
(1) consequence of Caucht-Goursat Theorem
A. Thevaue of an analytic function f(z) at z, insimple connected

domain can represent by a contour integral

B. An analytic function in asimply connected domain posses derivatives of
all order

f”(zo)—lfﬂdz

C 2nidez-z,
(2) Cauchy Integral Formula
If f(z) isanalytic at al point within and on asimple closed contour C
lying within asimple connected domain D » and z, isany point interior to
1

C > then f(zo):g C%dz
0

[proof]
By principle of deformation of contour



|_£z—20d
:i}ﬂdz

BRI

z-z,

_ f(Zo)f dz +£l f(z)- f(zo)dz

C.I.Z—ZO

=2nm+1,

By ML-integrality - and choose c,:|z- z,| :%

-+ f(z) iscontinuousat z, - for smalle >0 - suchthat
1(2)- f(z,) < & wherever|z—z,| < 5

ne—>0=1,=0
&ﬂ =ifﬂdz
°z—-27, 2nz-2,
(3) Cauchy Integral Formulafor Derivative
If f(z)isanayticinasimply connected domain D - and Cisasimple
closed contour lying within D » then

O

where z, ispointinteriorto C

dz

EX:

22 +1
|

zoz%@zoz—l@z =i
Sol
@lz-1=1

Evauate

dz whereCisunit circlewith centerat @Oz, =1®
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§Zz+ldz= 1 z+1dZ
cz° -1 cz-1{ z+1

§Zz +1
cz?2 -1
within C

.. from Cauchy integral theorem > we have

(zz+lj

1 2

iz;dzz zﬂi(z +1J
z=1

z-1 z+1
2
_ o 1°+1
1+1
= 2m
Z+1, ., .
§ 5 1dz isn’tanalyticat z=+1
CZ —

C:|z-1=1

z-1=€°-0<t< 27

2 2
iqu(z)dz:l {z +1 z +1}dz

2% z-1 z+1

2'a z-1

- IE J‘;ﬂ (e +2¢" + 2t

. 2r
= I—[i_ez" +_—2eit + Zt}
202 I 0

1 z2+1d221rn (e +_1t)2+1ieitolt
2% e

= 2m

dzisanalytic within and on contour C:[z-1=1> and z,=1 is



®

z—l‘ =1 containing z=1

4
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(22+1J
2 z+1
z ledz— -~ Zdz

izz—l c z-1

2
_oal ZF o
z+1 o

®lz+1=1

-
NS

[

(z+1j
2
§22+1d22§ z-1 iz
cz2° -1 c z+1

f(z)= §—+i is analytic within and on contour |z+1=1

2 2
-'-§ZZ+1dZ=27Ii(Z +1]
cz-1 z-1

py ( (__122_; 1)

= 2n




@|z-i|=1

7z’ +1
Y iy isanalytic within and on contour |z—i|=1
Z i

.. from Cauchy integral theorem

dz=0

7’ +1
izz—l



