V. Complex Number and Function
1. Complex Number
(1) complex number

Z=x+1iy i2=-1
Re(z)=x ... Real part
Imcz)=y ... Imaginary part

(2) conjugateof z=x+ iy HigtEEr

Z=x- Y

(3) Modulus or Absolute value

2|2 ey = \zez

(4) complex plane ([ z-plane’
¥ imaginary-axis

Z=XHY

|7 ordered pair .y}

x

real-axis

SO ! The geometric repressntation of complex numbers as pointsin the
complex plane
(5) operation properties

else
2. Polar form  HaAdEypiy A fE )=
(1) polarform



¥ Z=XHY

rsin®@

rcos@

=> Z=x+iy= rcosf+rsing= r(cosd +isng)= re’
Z=X+iy

|

X i y
\/x2+y2 \/x2+y2

r=[Z]=yx+y ;9=tan’1X=argZ < argument [iFt £
X Ip=1

radian,positive,C.C.W
(2) principleargumentArg (Z) = @E"’J
The argument of acomplex number Z= 0 intheinterna -7 <60 < x

Ex.Z=1i
ag(zZ)="7?
Arg (Z) =7
Sol :
Z=i=re’ =|i|e’ = ¢’
0 :tan’llztan’llzziZnﬂ (n=0.1.2....... )
X 0 2
so~arg (Z) =9:%i2nn n=0.1.2.......
Arg (Z) =—

(3) powerof Z



(4) DeMoivre’s Formula
(cosh +ising)' = cosnd +isind 1Z|=r=1

This formula can be use for expressing cosné ,sinn@ in terms of
cosf & sinf

ex. (cosd +isin®)’ =cos20 +isin20

(cos® +ising)(cosh +ising)

=(00520—sin20)+i200503in0

=(2c0520—1)+i200503in0
(5) Roots

Real numbers X°=1
Roots: (X=D(X*+x+1)=0

~1++/3
x=1 , X=
2
complex number
W=z
W : roots of z
let

w = R(CoS¢ +isSing)
z=r(cos¢ +ising)

. R"(cosng +isinng) = r(cosf +ising)

or

Rneinq):reie

SRY=r

ng=0+2kr (k=0123....,n=1)

R=r"

6= 012 n-1

w=rcos @2y 4 iin@E 2Ty k=012...n-1

For k>n , we obtain the same roots become the sine
And cosine are 27 - periodic.

principle r™ root (k =0)

6 .. 0
w =r""[cos— +isin—]
n n



Ex. %/E,Z:i
Sol. Z=1

T . . T
=COS—+Isin—
2 2

nr=1,0=Arg@2)="
2
Ex. 3z ,z=i
Sol: Z=1I
T . . T
= COS—+19N—
2

r=1, 9=Arg(Z)=%

1
2. Wn:Z3 (n:3)

1 E+2k7r £+2k7[

= (1)5[COS(ZT) +isin(-2 )]

k=0
Wozcos—+ism—=£+i1
2 2
k=1
lecos§7r+isin—n=—£+i1
6 6 2 2
k=2

3 .. 3 .
W, =CoS—7 +isin—rm =i
2 2

3. Sets of pointsin complex plane
(1) open set
Every point in the set isan interior point .
Ex. 1,,(Z)<0 (openset)



i

interior point

Ex. -1<R,(Z)<1

In(Z>

Re(ZD
infinite stripe
Ex. R.(Z)>=1 (notopenset)
InCZ)
5
Feld

A
& 7

A. open connected set ( Domain)
An open set in which any pain of points Z, and Z, can be connects




by apolygonal line that lies entirely in the set .
Ex.

FEEESA

open connected set

o open set
o7 BN
| H
I". = ,|'I II'
\ / )
N S FES
e

(2) boundary
The set of al boundary points of set s

boundory

S initoior

(3) Closed Region
A region contains all its boundary.

EX. S, = {Zz-i|=2]



S, = {Zz-i<2]

S, = {Zz-i| < 2|
Sol:
Z-i|=x*+(y-D* =2
o

ants

|Z-i|<2

==

boundoty

4. Complex function
(1) Complex function

Z

closed temon

Function of a complex variable.
W= f(2) =u(Xx,y)+iv(Xy)

W=z,
T apping T~
/ - tronsformotion” Y
! | W
| / \\ /
\"x_ | ,,I’; - | ey
Z-plane W-plane



EX.
Complex variable Re(z)=1
Complex function f(z)=2>

Sol:
W=1f(X)=2Z%=(x+iy)? = (x* —y*) +i2xy
Re(z) =1
S Z=1+10y
W =(1-yH)+i2y =u(X y) +iv(x, y)
u=1-y?
v=2y
V., V2
u=1-(=)"=1-——......... W-plane
(2) y p
Fim=l R84 .
- u=1-Y 4y
1 / 2
Z-plone /"w’—p -
(2) Limit

Complex function f(z) is said to possesalimit at Z,

lim f(Z)=L isforeach &>0,suchthat |f(2)-L|<e

-7,

wherever 0<|Z-Z|<¢

NOTE: lerg f (Z) exists that means f(z) approaches L as the point z approaches

Z, fromany direction.
(3) Continuity at apoint
A function f(z) is continuous at apoint Z, if lerg f(Z2)=1(Z,)



(4) Derivative &g
f(Z,-AZ)-(Z,)
AZ

The derivativeof f(z) a Z, is AIim0 f'(Z,) = providthis

limit exists.
(5) Differentiable i f%7J [y
(2o -82)-1(Zy) 0 |im 1D~ T(Z,)
AZ Z-Z, Z-27,
function f(Z) isdifferentiableat Z,

exists, the

If thelimit lim
AZ—0

Ex
f(Z) =22 differentiable ?

Sol:

 f(z,-AZ)-f(Z (2 +A2)2-Z27% | 2Z AZ+AZ?
lim (Zo ) (0):I|m(°+ ) =2 = |jm 5022 TS
AZ—0 AZ AZ—0 AZ AZ—0 AZ

:AI;mO(ZZ0 +AZ)=2Z, (exitsfor al 2)

. £(Z2)=Z? isdifferentiable on the entire complex plane

Ex. f(Z)=2Z differentiable?

Sal:
lim f(Z,+AZ)- f(Z,)
AZ—0 AZ
if AZ— 0 aongrea axisthenAy =0

AZ = AX = AZ

AVA . AX
Sdlim—=Ilim—=1
AZ—0 AZ Ax—>0 AX

Ay=0

if AZ— 0 aongimaginary axisthenAx =0

thus lim —Zdoesn’t existal Z

AZ—0 AZ

- f(2)=2Z _is_not_differentiable_at_any Z



(6) Analytic at apoint Z,

A complex function f(Z) issaidtobeanayticatapoint Z, if f(Z) is
differentiableat Z, and at every point in some neighborhood at
Z,,0<|Z-Z,|<6

Ex. f(Z)=[z? isdifferentiable ? analytic?

Sol:
f(2)=[2*|=2Z Lookat

o J(Z+A2) - £(AZ) | (Z+AZ)\(Z+AZ) -7Z
AZ AZ—0 AZ

li

AZ—0

_im ZAZ4ZAZ 4 AZAZ o A o
AZ AZ—0 AZ

AZ—0

if AZ— 0 aongrea axis, then
imz2X+Z)=—2+7

Ay—0
Ax=0 AX

lim(z24+7) =
AZ

AZ—0

If AZ — 0 aongimaginary

Then lim {z Az, Zj - limo{z '_i—y+ ZJ =-Z+Z AZ=ORIRfteE
X— | y

Az—0
Ay=0

Z2+72=-72+2Z=:72=0
L f(2) =z

f(Z)=|Z|2 isdifferentiableat Z =0 only but is not differentiable anywhere also

= f(2)= |Z|2 isno where analytic

(7) entirefunction 5t = [y
A complex function is analytic at every point Z
Ex.
polyno min al _ function _ f(Z) = |Z|2
{exp rential _ function _ f(Z) =¢"



5. Cauchy-Riemann Equation
(1) Cauchy-Riemann equation
if f(Z)—u(x,y)+iv(x,y) iscontinuousin neighborhord of Z and
differentiable at Z itself, then first order partial derivatives of u(x, y) and
v(X,y) existsand
o u

DO DD
X I< <K |I<

0 X
0 u
oy

[proof]  f(2) isdifferentiableat Z:f'(Z):lirrz)f(ZJrAAZZ)_F(Z)

im JEZ+A2)-F(@2) | [u(x+ AX, y+ Ay) +iv(X+ AX, y + Ay) |- [u(x, y) +iv(X, y)]

Az—0 AZ Az—0 AX + |Ay
AZ — 0 dongred axis

_1Z+A2)-F@) _ |

im [u(x+ Ax, y) +iv(x+ Ax, y) |- [u(x, y) +iv(x, y)]

Az—0 AZ ﬁ;:oo AX
_lim [u(x+ Ax, y) —u(x, y)]+i lim [V(x+AX, y) - v(X, Y)] _du_ .ov
Ax—0 AX Ax—0 AX OX OX

f’(z):a—u+i@
OX OX

iIf Az— 0 aongimaginary axis ,then

Az=iAy , Ax=0

£(2) = lim {[u(x, y+AY) +iv(x Y+ Ay) |- [u0x ) +iv(x, y)]}
IAY

Ay—0
Ax=0

_ ”m{V(x, Y +AY) V(X y) . u(x,y+4y)-u(x, y)}

Ay—0 Ay Ay
= @ —i @
oy oy



_ou ov

vy

N__
X oy
C-Ris Recessary condition not sufficient for an analytic equation

£ MR
TN A= JARN

... C-REQq.

VA TR
Ex: f(2 =z differentiable ?

(sol): use Cauchy-Rieman equation

f(2)=Z=x-1y=u(xy)+iv(Xy)
u(x,y) = X,..v(x,y) = -y

ou . ov

__1;,5_
oX oy

-1

= C-R Eq. isnot satisfied
= f(2) =2z not analytic at any pt. z

(2) Sufficient & Necessary condition for analyticity

Let f(2)=u(xy)+iv(x,y) ,If uu,,u,vv,,v, arecontinuousin

domain D ,and Cauchy-Rieman equations
u_ovo v _ou

ox oy | x oy

are satisfied ,then f(z) isanalyticin D

Ex: f(=———-i—2—  Anaytic?
X"+Yy X"+Yy
X
U(x,y)=x2+ >
y when x*+y*=0 ,u&V arenot continuons
V(X Y) = —

X +y?



C-R Egs.
ou_ y’-x* _ov

X (C+yR)? oy
ou_ -2y -V SV _
— = = L f(2= —i is not analytic
oy (X*+y*)?* ox (2) X2+y?  xX*+y? y
in any domain containing z=0
x=0,y=0..xX+y*=0

o TN /”D"“\
D N
a\ ; ;
_— -
fff-—_h‘\
! y
| D,
=0
VPO TR
‘\R -
f”fﬂ_ﬂ n “x
Ir" 3
b _F_Fdﬂ-‘_““-uq_)l

f(z) isnotanalyticin D, butisanayticin D,,D, and D,.
6 . Exponential and logarithmic function

(1) exponential function e*,(exp(2))

ez — ex+iy — exeiy
=e*(cosy+isiny)
(eZ)l — ez

)
ezlz2 _ ezlJrz2 e _ ezlJrz2

e

(2) Complex logarithmic function (z = 0)

Inverse

w=lnz < z=¢e"

W=Uu+iv  z=X+liy



SX+iy=e"" =e"(cosv+isiny)
X = e" cosv
y=¢e"sinv

Xyt =(") e =Xy
u=Inyx*+y* =In7

IS tany
X COosv

V= tan’l(z) =0 =arg(2)

X
0+2r n=0+1+2......
~Inz=In[7+i(6 + 2nr)

multiple-valued function
principle value of logarithmic fn.

Inz=InZ+iArg(z) ... single-valued fn.

—-r<Arg(2)<rx



