IV Integra Transformation method
-A integral transformation is a transformation that produces from a given function

which depends on a different variable and appears in the from of an integral.
EX: Laplace transform

Hm:f@%mmszm

When to apply Integral Transformation method?
(1) PD.E is nonhomogeneous
(2) Boundary Condition and time dependent
(3) Semi-infinite(O<x<oo) or infinite (-co<x<co) spatial domain
1. Solution by L_aplace transform
-L_aplace transform of afunction of two variable u(x,t) with respect to the variable
t by

umxmzfe%unm:umg

L[%] =sL[u]-u(x,0)
= U - u(x,0)

L[ZTZE] = s’U(x,S) - su(x,0) - u, (x,0)

o%u, = 4 0%
S S

0% (o
=7 J'O eSu(x, t)dt
X

2
= % U(x,9)
=> Ording D.E. for U(x, 9)
=> Solution for U(x, )
=> Obtain solution u(x, t) by Inverse L_aplace transform
Example :
Semi-infinite string
Wave equation
o*w _ o°w
ot? ox®
BCs
{W(O,t) =f(t) t>0

limw(x,t)=0

X—>0

O<X<oo,t>0



ICs
W(x,00=0 O0<x<w®
00

ot t=0

Sol : UseLaplacetransform w.r.t. t

o'w,
L[ e ] = s"W(X, S) — sw(%,0) — wt(x,0)
0w
=C’L
[axz]
2 2
— CZ d L[ZW] — C2 d V\{)z(i S]
dx dx
d*w s?
dxz _C_ZW:O

O.D.Efor w(x, s)
Genera solution of w(x, S)

wW(X, s) = A(s)eEX + B(s)ef%X

Boundary condition
L[W(O,1)] = W(0, )
= L[f(t)] = F(9)
L[Ixirpcw(w,t)] = le_rﬂ w(x,s) =0
gny$:ggN$§”+m@é%ﬁ=o
L A(S)=0
W(0,s) = B(s) = K(9)
S W(X,9) = F(5)e "
From Second-shifting theorem
L[ f(t—a)u(t—a)} =e *F(s)
LLf ()] = F(s)
S L [e™F(s) = f (t—a)u(t—a)]
L[F(9)] = f (1)
SoW(X, 1) = L w(x, 9)]

=L[F(9e ™) (a=—)
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it 1) = sint 0<t<2xr
|0 otherwise
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W t) = sint - Sy -2
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0 otherwise

2. Solutions by Fourier Transform
(2) Fourier Integra :

If f(X) is piecewise continuous in every finite interval and has a right-hand
Derivative and a left-hand derivative at every point and if J'_w | ()l

Exist, then f(x) can be represented by a Fourier Integral

A AW

F(x) = % [/ TA(@) cosar x+ B(o) sina Xidar

J

Ala) = j"; f (X) cosa xdx

B(a) = j"“ f(X)sina xdx



Fourier Series:
f(x) defined on finite interval (-p, p) or (O,L) or Periodic function
f(X) —7+Z(A1 cosT+ B, sm—) on[-p, pl

n=1
Fourier Integral :
f(x) is nonperiodic function defined on (—o0, ) or (0, )
From Fourier seriesto Fourier Integral :
If f(x) defined on [-p, p]

) =2 43 (A cos" 4 B sin ")
2 n=1 p
1
= f(x)dx+ [ f()cos—dxcos—+ f()sm—dxsm—]
2IO ZI Y I Y Y
Let
_hr
op
Ao =a a, =

f(x)i[jp f (x)dx]Ac +12[j" f(x)COSandeCOSanx+jp f(x)sina, xdxsine, XJAa
2 P o1 oP -p

Now let p— o wAa=2 50

p
. JLTOZ; F(a,)Aa = jo F(a)da

Fre)

O:ﬁ O:ﬁ+| S

If [ | (x)dx exists

Aa—0 271
- f(x)= 1 J': [Uz f (X)COSO{Xde COSOX + ( f; f(x)sin axdx) sin ax}da
T
1

== :[A(a)COSax+ B(a)sinax]da ...Fourier integral of f(x)on(-oo,o0)



Here
Alr)= f f (x)cosaxdx
B(a)= f f (x)sin axdx
Fourier cosine & sine integral S(Z B 5.7 (— o0,0))

(i)Fourier cosine integral
f (x)is even function on(- o, )

f@z%ﬁ&@wMMX

Alr)= j: f (x)cosaxdx

(it)Fourier sineintegral
f(x) isodd function on(- co,)

ﬂﬁz%fﬂ@$WMX
B(a)= Jj f (x)sinaxdx

Ex. Find Fourier integral of f(x)

0 x<0
f(x)=41 0<x<2
0 X>2

0 2
sol. Fourier Integral of f(x)
f(x)= 1 J.: [A(a)cosox + B(er )sinax]da
T

sinax|2 _ sin2a

Alr)= f; f (x)cosaxdx = IOZwSaxdx: * 0= a
1-cos2a

2
B(a)zjosnaxdx: »

- f(x)= lj-w[ana cosax + msinax}da
o o o

da

:gjwsina cosa(x—1)

Y0 o



Complex form of Fourier Integral
f(x)= 1 I “[Ala)cosax+ B(a )sinax]da

== j J' (t)[cosat cosax + sinat sinax|dtde

=— j J' COSa dtda

j I t)cosa(x —t)dtder (even fn. of «)

I j_m Jcosa(x—t)+isina(x—t)dtda

j [ te” " dtder
zé °°U°° f()e'mdt}e'“xd

:—I e dx

:_J‘ elaxda

(2)Fourier Transform

Integral, transform occurs in transform pair

(L

k(er,x)and H (e, x)are called “Kernels” of transform.

Ex.Laplace transform pairs Laplace transform F(s) = J': f(t)e Sdt

smax tdtda Oj



Inverse Laplace transform  f (t)% j H_in (s)e’ds
m r—loo

-use of complex variable

-complex contour 1ntegral
A. Fourier Transform Pairs
source: Fourier Integral

6 Fourier transform  F (f (X)) = fw f (e = f ()

Tnverse Fourier transform F ( f (a))% f; f (a)e™da = (X)

(11) Fourier Sine transform F¢(f (X)) = '[: f(X)sinxdx = f (@)
Inverse Fourier Sine transform  F*(f () = %Jj f (a)sinaxda = f(x)
(1)  Fourier cosine transform F,(F (X)) = '[;C f (X) cosaxdx = fc ()

Inverse Fourier Cosine transform FZ*( fc (a))cosaxda = f (X)

B. Existence Conditions
() f(x) and f (X) is piecewise continuous on every finiteinterval.
(i)  fx() isabsolutely integrable on (-0, oo),namely
[ 1F 00l exists

Note:F(1), F. (1) ,and F, (1) not exist.
C. Operational properties

F(af () + bg(x)) = aF (f (x)) + bF(g(x))
(i) liner operator F,(af (x) +bg(x)) = aF,(f (x)) + bF,(g(x))
F. (af (x) + bg(X)) = aF (f (x)) + bF (9(x))
(i) Transform of Derivatives
(a) Fourier transform of derivatives of f(x)

F(f'(X)= fw f'(x)e " dx = fw e df (x) = f(x)e™

7, +ia[ £ (e ™dx=iaF (f(x)

S F(F' () =iaF (f (%)
F(f () =iaF(f (x)=(ia)*F(f(x)



(b) Fourier Cosine and Sine transform

F.(f' (X)) = j: f (X) cosaxdx = f (X) cosa><<§+a j: f (X)sinaxdx

F.(f'(X) =j: f'(X)sinoxdx = f(x)sinax‘;"—ocj-:f(x)cos(xxdx

Similanly - Fs(f (X)) = —aF(f(x)
L F () ==f (0)+aF (f (¥)=—f (0)+a(-aF (f(x))
LF (T (X)) =—f (X)) —a’F (f ()

Similanly F,(f" (X)) = af (0) - 2F, (f (X))

(3)Solutions by Fourier Transform

When to use Fourier transform

() Domain (-0, oo) for Fourier transform

(i) Domain [-©°, ©°) for Fourier cosine or Sine transform

A. Heat problem on infinite rod

,0°u du
== 00 <X <00 >0
ox? ot
I.C.
ux,0) = f(x)
_{Uo [x]<1
— (0 [x|>1
ou(x,t
U, v, u(x )—>0 as x=1 oo
ot
=T,
— i -1 | [="s]
Ex:
2
Heat problem on infinterod , Cz%:% —w<Xx<w ,t>0
X

U, Ml aulx)

—0 as Xx=+w
0 [¥>1

I.C u(x,0)=f(x):{



Fixa=,

i

Sal :
Use Fourier transform on variable x

Fluxt)=[ ~ uxtledx=u(at)

— 0

s —Ca’F(u(x)) = % Fu(x1))

= —c’a’ a(a,t) _d u(o.t)
dt

or

d lAJ(a,t)

+c%a’ G(a,t)z 0

dt

-1 1

Flo

---1% order O.D.E with t asindependent variable

- general solution fn u(az,t)

u(e,t) = Ala e
A(a): ?

Fourier transform of initial condition

F(u(x0)=] ~ f(x)e"dx

A

u(c,0)= f(c)

AN

~1C.U@0)= f(x)



U(e,t)= f (oo™
Form Inverse Fourier transform , we have
u(x.t)= F‘l[a(a,t)j

L% Yot dx

= i @ /f (O( )e—izazt e dx
2w — o
Here
f(x)= {Uo X <1
0 x>1
There

N

£(x)= j_“; f (x)e ' dlx

) —ioX 1
:J’ 1er""‘XdX:—UC’_e |
-1 o -1
:UOe“_—e‘“
o
zzwuo
a
U(X t)_ﬁj‘ gna —Cazte—laxdx
T -0 o

Euler formula
e = Cosax—iSnx

~u(xt)=—2
a
u(x,t):ﬁj o0 SnCosax ety
T ¥ —00 o
Ex :
2
Heat egn on semi-infiniterod Cza_l;:@
ox° ot
1.C. u(x0)=f(x) 0< X<
B.C. u(0t)=0
Sol :
+BC u(0,t)=0

‘. use Fourier series transform on variable x

c?F,(u, )= —C°a?F(u)+c’au(0,t)

U oo gnCosax _ .U o0 SnaSnox _
oj —eczaztda_l_oj —ecaztda
T — 00 T — 00

o

0<x<w ,t>0



:—Czazas(a,t)

Fg(@j _dE - Us(ct,1)

or) dt ° ot

N

dus

A
+c%a®us=0

Solution Us is  Us(a,t)= Alor)e™"

1.C. F.(u(x0))=Us(a,0)= j"g £ (x)Snaxdx = f ()

~us(at)= T (o)
By Inverse Fourier sine transform , we have
u(x.t)= F;l[as(a,t)j
= %jogljs(a,t)g naxdo
_ % fg £ (o )e " sinaxdx
Note:

If BCatx=0is @
OX

=0 then cosinethe Fourier cosine transform .

X=

H.W.
Stesdy — state temperature of semi-infinite plate .
o°u o%u
—2+—2=0 o<x<z ,y>0
ox: oy -
u =0 O<x<rm ) o)
ay y=0 iéo‘y) v u=4 —e




