
IV Integral Transformation method
-A integral transformation is a transformation that produces from a given function
which depends on a different variable and appears in the from of an integral.
EX: Laplace transform
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When to apply Integral Transformation method?
(1) P.D.E is nonhomogeneous
(2) Boundary Condition and time dependent
(3) Semi-infinite(0<x<∞) or infinite (-∞<x<∞) spatial domain

1. Solution by Laplace transform
-Laplace transform of a function of two variable u(x,t) with respect to the variable
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=> Ording D.E. for U(x, s)
=> Solution for U(x, s)
=> Obtain solution u(x, t) by Inverse Laplace transform

Example：

Semi-infinite string
Wave equation
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Sol： Use Laplace transform w.r.t. t
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O.D.E for w(x, s)
General solution of w(x, s)
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2. Solutions by Fourier Transform
(1) Fourier Integral：

If f(x) is piecewise continuous in every finite interval and has a right-hand

Derivative and a left-hand derivative at every point and if dxxf
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Exist, then f(x) can be represented by a Fourier Integral
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Fourier Series：

f(x) defined on finite interval (-p, p) or (0,L) or Periodic function
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Fourier Integral：
f(x) is nonperiodic function defined on )(0,or),( 

From Fourier series to Fourier Integral：

If f(x) defined on [-p, p]
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Fourier cosine & sine integrals(非週期定義在  , )

(i)Fourier cosine integral
xf is even function on  ,
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(ii)Fourier sine integral
xf is odd function on  ,
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Ex. Find Fourier integral of xf
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sol. Fourier Integral of xf
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Complex form of Fourier Integral
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(2)Fourier Transform
Integral, transform occurs in transform pair
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Here  xk , and  xH , are called “Kernels”of transform.
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･use of complex variable
･complex contour integral

A. Fourier Transform Pairs

source: Fourier Integral
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(a) Fourier transform of derivatives of f(x)
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(b) Fourier Cosine and Sine transform
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(3)Solutions by Fourier Transform
When to use Fourier transform
(i) Domain (-∞, ∞) for Fourier transform

(ii) Domain [-∞, ∞) for Fourier cosine or Sine transform

A. Heat problem on infinite rod
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Sol :
Use Fourier transform on variable x
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


 





 de
xSinCosU

txu tco 22

,

Ex ：

Heat eqn on semi-infinite rod ,
t
u

x
u

C







2

2
2 x0 , t>0

I.C.   xfxu 0, x0
B.C.   0,0 tu

Sol :
BC   0,0 tu

 use Fourier series transform on variable x

    tucuFcuFc sxxs ,02222  



 tuc s ,22 




  
t

tud
uF

dt
du

F s
ss 













,


022 




s
s uc

dt
ud



Solution su


is    tc
s eAtu

22

,  




I.C.       





  sss fxdxSinxfuxuF
0

0,0,

  sfA




   tc
ss eftu

22

,  




By Inverse Fourier sine transform , we have

   








 tuFtxu ss ,, 1 

 


 


xdtus sin,
0

2

 


 xdxef tc
s 


 sin

0
2 22

Note :

If BC at x=0 is 0
0





xx
u

then cosine the Fourier cosine transform .

H.W.
Stesdy –state temperature of semi-infinite plate .
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 x0 , y > 0

0
0





yy
u x0


