Il Partia Differential Equations
1. Basic concept
(1)Partial differential equation (P.D.E)
A. DE with two or more independent variable (X,y,z,t)

Genera form
F(x,y,zt,u, Ux, Uy, Uz, V...... )=0
uyv,...... =dependent variables
(2) Order
The order of higheat desivatives...
o’u  ,0°u
2 ¢ 7
ex Ot OX
order =2
(3) Degree
The higheat power of the higheat derivative
thj (— ) 1stdegreep.d.e

(—) —c( )lstdegreepde

au

rin ( ) 2nd degreep.d.e

(4) Linear

A PD.Eislinear if itisof thefirst degreein the dependent
variable and its partia derivative.

EX.
2 2 2
62u+B ou +C82u+ ou Ea—u+Fu—G(x,y)
0°X OXoy oy X oy

where A,B,C,D,E,F arerea constants.

" order 1% — degree, linearP.D.E.

(5) Homogenity
G(x,y)=0  HomogeneousEq
G(x,y)=0  NonhomogeneousEq,

(6) Solution of aP.D.E.

A function has all derivatives within region R and satisfies
the PD.E. intheinterior of R .



2. PD.E. in Rectangular coordinates
(1) Separable PD.E.
a. Linear Eq.

2" _order linaer P.D.E.

2 2 2
62u +B o’u +C 82u + Da—u+ Ea—u+ Fu = G(x,y)
0°X OXoy oy OX oy
whereA,B,C,D,E,F are rea constants

AX?+Bxy+Cy?+Dx+Ey+F =0  [EEEI8

(@ Hyperbolic—Type PD.E
If B*-4AC>0
vibrating system, wave equation

o’u _ o%u
o x> 0 y?
A=3 B=0 C=-1 B*-4AC=12>0
(b) Parabolic—Type PD.E
If B?-4AC=0
heat flow, diffusion process
ex.  3ou_ou
oXx 0Y
A=3 B=0 C=-1 B*-4AC=0

EX. 3

(c) Elligtic—Type PD.E
If B*-4AC<0
steady — state, phemomena

o’u  ou
-+—=0
oXxX 0y
A=3 B=0 C=-1 B’ -4AC=-4<0
b. Superposition Principle
If u,u,---u, aresolution of ahomogeneous linear P.D.E, then

u=cu, +cu, +---+CcU, , ¢ =constant i=12---,K

EX. 3

isalso asolution of PD.E.
c. Method of Separation of variable
Assume solution of PD.E u(x,y)=X(x)Y (y) product method.
d. Example



Linear PD.E

o%u  adu
4% uxy)=?
PV : (x,y)
Sol~

By method of Separation of variable, we assume
u(x,y)=Xx)Y ()

, _
Mgy =% Y oy M sy = 3
OX d X oy dy
XY = 4XY or 2w = X constant (A>or-A)
4X Y
Casel A*>0
X”:z:ﬂz
< Y
" 2 —
s POAX=0 oD
Y'-AY =0

Solutionsare X(x) = C,cosh(24x) + C,sinh(24x)

Y (y) = C,t*Y

"u(x,y) = X'(X)Y(y) = £ (A ,cosh(24x) + B,sinh(24x))

Case2 1°=0
two O.D.E

X"=0 X(x)=C,x+C,
Y'=0 Y(y)=C,
Loux,y) =A,x+B,

Case3 1°<0
two O.D.E

X"+4)*x =0
Y'+A°Y =0

X(x) = C4c08(24X) + C,Sin(24Xx)

Y(x) = C,e*”

"u(x,y) = €Y (A,cos(24x) + B,SiN(24X))



NOTE:
2
OU_ U _y  (NOT SEPARABLE)
ox° oy
u(x,y)=2?
(2) Classical Equation & problems
(1) Equation
A. Heat equation
2
(2l
OX ot
B. Wave equation
ox*  ot?
C. Laplace equation
2 2
2—2 + 2y—l; =V?u=0
X
(2) Initial condition (t=0)
u(x,y)=f(x)
ou
and/or — =g(x) O<x<L
otjt=0 9
(3) Boundary condition (t>0)
A. Dirichlet condition, u

{u(o, 1) = u, (1)
Ex.
u(L,t) =u,(t)

B. Nuemann condition, Z—u
n

ou

OX
ou

OX

«—0 X

=g(x
MY
C. Robin ( churchill ) condition
au =hu ( mixed B.C)
on
(iv). Modification of DE

Internal or external effect



0%u ou
K—+G(x,t,u) =—
v ( )

2 2

aza—l;+ Fxot,uu) =2
X

tZ
o%u ou
Ex. K S —h(u—uo) = =
OX ot
52 o%u d°u _ou

— +F(Xt)=—+Cc—+Ku
OX? (1) ot? ot
(3). Heat equ. (1D)
2
TU_M gexel 10
OX ot

I.C. u(x,0)=f(x) O<x<L

B.C. u(0,t)=0 u(L,t)=0 t>0
u=0 U=
TP X
0 L
u:temprature
k=X

p

Sol. Using the method of Seperation of variable , we have
u(x,t) = XoT

SKX'T = XT
12
X_T _
X KT 52
1.2>>0 Two O.D.E.s

X'-2*x =0
T-kA*T =0

Boundary conditions



u(0,t) =x(0)T(t)=0
{u(L,t) - x(L)T(t) =0
~ X(0)=0,X(L)=0

X'-A*x=0
{X(O) -0,X(L)=0
X(X) = C1e™ + Coe™™
{X(O) =C1+C2=0

sturm-— Liouville_ problem

=C1=C2=0
X(L)=Ce™ +C26" =0

X(X) =0_ .. u(u,t) = X(X)T(t) =0_trival _solution
2.1=0

{X'ZSX(x):o,X(L):o

T'=
X(X) =Cix+Cz2
X(0)=C2=0
© ’ S X(X) =0=u(x,t) =0_trival _solution
X(L)=CiL=0=C:1=0
3
-2?<0
" ' X(0)=0
X_T __p _ Boundary _ condition ©
X KT X(L)=0
Two_O.D.Ess
X"+AX =0
T+KA*T =0

X(x) =ClcosAX +C2sin
X(0)=C1=0

{X(L) =C2sinAL=0

For _nontrival _solution _C2=0

-.8sin(AL)=0

AL=nr_n=123..

SA= nTﬂ ,n=1.23.....eigenvalue

X(X) = C2si n(”T” x) _n=1.2.3..eigenfunction
T'=KAT =0

nzw, o
-K(—)°t
)

T(t)=C3e™*'=C3e



N2

-KED N
Sun(xt) = X(X)T () =Ae * sm(T X)_n=123...

.. general _ solution(surperposition _ principle)

- = k(™
u(xt) =D un(xt) =Y Awe L tsm(nTﬂ X)
n=1 n=1

An="?
Initial _ condition

u(x0)= () =3 Ansin(nTﬂ X)
n=1
Half —range _expansion_of _f(x) _in_a_Fourier _sine_ series
2% . N1m
A =—| f(X)sin(— x)dx
L{ (9sin(=X)

Other _ problems

(i)
Keumann _ B.C.
ou ou
— =0. — =0
Ox o =0-_ ox et
(i)
Mixed _B.C.

ou
u(0t)=0_—|,, =0
( ) _ax‘fo
(iii)

Semi —inf inite_rod _0< X<
BC._u(0t)=0_t>0
I.C._u(x0)=f(x)_O0<x<oo
u(xt) _is_bounded _at_ x=o
(iv)

inf inite_rod _—oo < X<
u(xt) _bounded at Xx=4o0



Half range expansion
y = f(x) isdefinedon [0,L]

yA

L
(1) cosine haf range expansion
Reflect the graph  f(x) about y-axisonto — L < x < 0; then function is even on
[-LL]

X

y

A

-L L
f(x) isdefined [-L,L] and f(x)= f(-x)
o f (x) can be expaned in Fourier cosine series (cosine half-range expansion)
Nax

f(x)=i+ a, cos——
1 L

2L
J'f cos—dx
LO

(2) sine half-range expansion
Reflect the graph f (x) through the originonto — L < x < 0; then new functionis
oddon [-L,L]
Ya

f(x)isdefinedon [-L,L] and f(-x)=—1(x)



~. f(x) can be expaned in Fourier sine series naimly

(4) Wave equation
2 2
26_121:6_21 O<x<L,t>0
OX ot
BC’s u(0,t)=0,u(L,t)=0,t>0

IC’s u(x,0)= f(x),g—ltJ =9g(x),0<x<L

t=0

0 ‘ L

The motion of an elastic string stretched between two pegsis studied if the string
islifted and released to virbrated in a plane

h = horizontal tension of string
p = density
Solution:
(i) Two O.D.E:s

ulx.t)= X (4 ()

X T
PEARL— LY,
X aT

(@®>=0,4* > 0),u(x,t)=0

X"+ 22X =0
T"+a?A’T =0

(i) Satisfying BC’s
Genera solution for thetwo O.D.E.s
{X(x)=c, cosix +c, sin Ax
T(t) = c, cosait + ¢, sinait
Boundary condition



X(0)=c,cos0+c,sn0=c, =0
X(L)=c,snAL=0

for nontrivial solution, c, #0
-.SiniAL=0

AL=nr n=123...

eigenvalue A, = nL n=123...
xnzgn%?xnszan

eigenfunction
Nz nz
T, =c,cos—at +cC, sm—at

L L

(i) General solution
u,(x,t)=X.T = (A, cosnTﬂaH aninnTﬂat)sinnTﬂ x,n=123...
.. genera solution
= = nz . Nr . Nr
=>u,(xt)=>(A, cos——at + anmTat)sme

A,=7?B, =7
The solution must satisfy initial condition

u(x,0)= f(x) ZAqsm— O<x<L

sine half-range expansion

=—j sm—xdx
Z —sm—at+B DR 05 at)sin N x
L L L L
@ = Z(B —)sm—x
Otio L
" B, nma_2 “g(x)sin 2 xdx
L L7 L

(5) Laplace equation
stady-state two-dimensional heat flow
ou
P



M _ c’Vau = cz(a—ﬁ:+a—ﬁ:)
ot ox: oy
o oy?
O<x<a O<y<b
Boundary conditions
u@0,y)=0 u(a,y)=0 O<y<b
ux,00=0 u(x,p)=f(x) O<x<a
yA
u= f(x)

u=0 | Vu=0 u=0
0%

u=0
Solution:
u(x,y) = F(X)G(y) BC’s F(0)=0,F(a)=0
F_” = _G_” =_)?
F G

- F(X) = ¢ cosAx+c,SinAx
FO=c=0
F(a)=c,sinla=0
For nonzero solution ¢, =0
~.sinta=0

eigenvalue Anzn—ﬂ n=21,23---
a

eigenfunction Fnzsinn—ﬂx n=21,23---
a

G'-1G=0
B.C. G(0)=0
G(y) = c;cosh Ay + ¢, sinh Ay

GO)=c,=0 .G(y)=c,snhFy n=123-
a

-.eigenfunction u,(x,y) is
u,(%,y) = F,(X)G,(y)

=Aqsinn?ﬂxsinhn?ﬂy n=2,23---

By superposition principle, the general solutionis
u(x,y) = A]sinn—ﬂxsinhn—ﬂy
a a

n=1



using boundary condition u(x,b) = f (x), we have

u(xb)= (=3 (A]%)sinn?ﬂx O<x<a

. hab  2¢a . nr
b =Asn—=—] f(xX)sin—xdx
p=Asn= === T (sin=
2 a . nrx
Ah —.—mzbjo f(X)SIn?XdX
asin——
a

Other boundary conditions.
0) Dirichlet problem
2 2
a—l:+a—L:=0 O<x<a O<y<b
ox~ oy
u(0,y) = F(y),u(a,y) = G(y)
u(x,0) = f(x),u(x,b) = g(x)
Hint, superposition principle

O<x<a O<y<b

G(y)

A A A
g(x) g(x)
F()Vu=0| gry) - OVu=0]|0 + F(x)V?u=0
> ) >

f() u=u +u,

(i) Mixed boundary condition

2 2

a—l:+a—L:=0 O<x<a O<y<b
ox~ oy
u=(x,0 =0 ,u(xb)=f(x) O<y<b
8_u|X=0: ' @|X=a:o O<x<a
OX OX

Sol  u(x,y)=Ay+ Y A sinhiycosix

n=1

2= n-123.-
a

1 ra
%:EL f (x)dx

2 a
= f (x) cosAxd
A= Sgmnaple f(0osAxdx

(6) Nonhomogeneous equation and boundary condition

v



o°u ou
—+r=—
ox? ot
u(o,t) =k, , ulL,t) =k,
P.D.E is not separable!!
method: A change of dependent variable
ulx,t) =v(x,t) +w(x)
WhereLv =0 with homogeneous B.C’sand v (X) isto be determined

2
EX: Ka—l:+r:@ O<x<], t>0
OX ot

B.Cs u(0,t)=0, u(1,t)=u, t>0
[.C’s: u(x,0) =f(x)
Saol: Let u(x,t) =v(X,t)+w(X)

CJox? ox? V'
ou ov
o ot
Substituting above equations into the P.D.E, we have
K&+Kl//”+ r :6_v
ox? ot
Assume
v _ov
ox* ot
And
v(0,t)=0,v(L,t)=0
Sky"+r=0

=>y"(X) = -2—rkx2 +CX+C,

Furthermore
u(0,t) =v(0,t) +w(0) =0
u(d,t)=v(1,0)+w (1) =u,

_ {w(0)=0
h v (1) =u,
~y()=c,=0

r
w(1)= 'Exz +C =Ug

r
Cl=U0+E



r, r
Sy (X) =-—x% + (U +—)X
y (X) o +(o+2k)

Initial condition
u(x,0) = v(x,0) + v (x) = f(x)

S v () =f(x)-w(x)

:f(x)+Lx2 - (u, +L)x

2k 2k
~v(x,t) satisfiesthe following homogeneous equation and condition.
2
Ka—‘;:a—v O<x<1,t>0
oX ot

B.Cs:v(0,t)=0, v(L,t)=0 t>0
[.C's:v(x,0) =f(X) -y (X)

- v(x,t) can be solved by using the method of separation of variable
Thus

v(x,t) = ZAnemZ”Z‘si n(nzx)

A, =2 J'Ol[f(x) —y (X)Jsin(nzx)dx
Sux ) =v(x,t) +w(x)

ki 2 2, . r r
=) A e 'sn(nax) + — X% + (— + U, )X
; n (n7x) K (2k 0)

3. Boundary-value Problemsin other Coordinate System

temperaturein circular disk. — polar coordinate
circular cylinder — cylindrical coordinate
sphere — gpherical coordinate

(1) Problems involving Laplace equation in Polor coordinates
Laplacein polor coordinate

X =T cos6 y=rsiné

r2=x*+y? tand = ¥
X




2D Laplace
2 2
Vau :6_l2,|+8_l21
ox® oy

chainrule

ou_ouor  ouoe

OX Or ox 06 ox
du sn6 ou
or r o0e

u_ouor  ou o0

oy oroy 00 oy

_Smeﬁ_cosaﬁ

or r o0
a—zu—coszeazu _ 2cosfsing o%u . sin’0 o%u . sinzé?@Jr 2sinf cosf ou
ox? or? r ore0  r? 00*  r? or r 00
6_2u_sin2062u | 2c0s0sing o°u N cos’ 6 o°u . cos’f du _ 2sinfcosf du
oy” or? r ore0  r? 90* r* or r 06

~0°u d°u o°u 1lou 1 d4u
. > + 5 = > +——+—2—2
ox= oy- or ror r°o6

1. B.V.Pinother Coordinate System

(2) Laplacian in Polar Coordinate

(2) Circular Membrane : Fourier — Bessel Series
drums, pump, microphone, telephone........

2D wave equation
o%u o’u 0%
o2 ox2 + ayz)

In polar coordinate u(r,6,t)

Fu_ca @, 1ou 15
ot? o ror r?o6?

=C*(

Consider the radial symmetry problem, namely, 6 —independent

2 2
%:CZ($+%%) O<r<R, t>0



B.Cu(Rt)=0 t>0
I.C u(r,0)= f(r)
ou

— =q(r) O<r<R
6tt:0

Sol:
i) O.D.E. Bessdl’sEquation
u(r,t) =W(r)G(t)
S _ L twy- ke
CG W r
. 20.D.Es
G+A*G=0 A =ck
1
v
or r*W"+rwW’'+k?A*W =0
A parametric Bessel D.E with parametric v =0

W"+=W'+k?®W =0

(ii) Satisfying BCs

General solutions

W(r) =C,J,(kr) + C,Y,(kr) (See handout)
G(t) =C,cosAt +C, sin At

Recall that
!I_)fg] Yo(kr)=—c0 and W(0) isbounded,
~C,=0

uRt)=0 = W(R)=0
CJ,(KR) =0 =J,(KR)=0 (C,#0)

K,R=a, mM=123.... K = %1/




Eigenfuction and Eignvalue

a
W, (1) = Cudo(Kpr) = CuJo(21)
G, (t)=C,cosA,t+C,sinA.t (4,=cK,)

U (1,1) =W, ()G, (1)
=(a,cosA,t+b, snA t)J,(K.r)

(iii) Final solution
Superposition principle

u(r,t) = Z(am cosA t+hb, sinlmt)JO(a—F; r

u(r,0) = f(r) = Za J (—r)

m=1

Recall theFourier - Bessel series (see handout)

If J, (K, R)=0
a_ = RzJ—(kR)jrf(r)J (k,.r)dr

E—Z( MA@, sinA t+A b cosi t)J,(K.r)
m=1

U,(r0) = 9(r) = 3 A0, Jo (Ka)

m=1

, 2
b = TR R)j g(r)J, (k. r)dr

(2) Laplacianin cylindrical and Spherical Coordinate
Cylindrical coordinate R 6 Z

—=——"05 X =rcosf
i Y =rsing

Y =7

e =

0°u 1ou 1 d%°u o4
St T T 2o T a2
or ror r°o0 oz

Spherical Coordinate R 6 ¢



RE——
1 e X =rcosfsing
Fae Lt 8 . .
_/./: —— Y =rsin@sing
i = Z=1Zcos
L ¢

i‘h/

0°u 20u 1 du  cotg du 1 o4

f_—t=— +
or> ror r*o¢ r? o0¢ r’sin’¢ 00°

Steady-state temperature of sphere: Legendre polynomial

o%u 2ou 1 0% O<r<a 2
At —+5—=0 bt
o> ror r* o¢ O<¢<rm ",;"‘_x_..rijr__

i L ¥

u(a,¢) = f(¢) O<¢<rm
uisindependent of 6
u(0,¢) isbounded

Sol.
u(r,¢) = G(r)H (¢)

1 2~n i 1 " ' 2
—(r°G"+2rG)=——(H"+cotgH") = 4

G( ) |_|( ¢H’)
r’G"+2rG'-=A2°G=0 Euler-Candy D.E. (1> =n(n+1))
LG(r)y=Cr" +Cr (™ (see sec2.6)

singH"” +cosgH’ + A’singH =0

Let w=cos¢p , 0<¢p<7m wehave

2
(1-w?) ((jjwl;' - ZW?j—l\;lv +n(n+DH =0 (A* =n(n+1)

-1<w<1
Legendre' sEquation
Because u(r,¢) boundedatr =0 = C,(0) =0 isbounded
=C,=0
G,=Cr"

4 Up(19) =Gy ()H,(9) = Ar"p,(cosg)
u(r.9) = > Ar"p, (cosy)



u(@,¢) = f(¢) = i Aa"p,(cos¢g)  Fourier - Legendre Series

A= 2 [  1(#)p,(cosp)singds  (seehandout)

u(rg) = > 2 [ 1(9)py(cos)sindg) ()" p, (cos4)

Conclusions:

PD.Ein Polar Coordinate

other Cylindrical Coordinate

Coordinate Spherical  Coordinate

Separation O.D.Ewith

of variables variable
coefficients
Canchy-Eula D.E Fourier-Bessel series
Bessel D.E Fourier-Legrendre series

Legrendre D.E




