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Ⅲ Partial Differential Equations

1. Basic concept
(1)Partial differential equation (P.D.E)

A. DE with two or more independent variable (x,y,z,t)
General form
F(x,y,z,t,u, v......uuu z,y,x, ,)≡0

u ,v,……=dependent variables
(2) Order

The order of higheat desivatives…

Ex.
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(3) Degree
The higheat power of the higheat derivative

Ex.
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(4) Linear
A P.D.E is linear if it is of the first degree in the dependent
variable and its partial derivative .
Ex.
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where A,B,C,D,E,F are real constants .
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(5) Homogenity

{
 
  .hom0,

.0,
EqogeneousNonyxG

EqsHomogeneouyxG



(6) Solution of a P.D.E.
A function has all derivatives within region R and satisfies
the P.D.E. in the interior of R .



2. P.D.E. in Rectangular coordinates
(1) Separable P.D.E.

a. Linear Eq.

...2 EDPlinaerordernd 
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where A,B,C,D,E,F are real constants
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(a) Hyperbolic－Type P.D.E

If 042  ACB

vibrating system, wave equation

EX. 2
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A=3 B=0 C=－1 01242  ACB
(b) Parabolic－Type P.D.E

If 042  ACB

heat flow, diffusion process

EX.
y
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x
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A=3 B=0 C=－1 042  ACB

(c) Elligtic－Type P.D.E

If 042  ACB
steady－state, phemomena

EX. 02
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A=3 B=0 C=－1 0442  ACB
b. Superposition Principle

If kuuu 21 , are solution of a homogeneous linear P.D.E, then

kk ucucucu  2211 , tconsci tan ki ,,2,1 

is also a solution of P.D.E.
c. Method of Separation of variable

Assume solution of P.D.E u(x,y)=X(x)Y(y) product method.
d. Example



Linear P.D.E
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u(x,y)=?

Sol~
By method of Separation of variable, we assume
u(x,y)= (y)Y(x)X
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Case 3 2<0
two O.D.E
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(NOT SEPARABLE)

u(x,y)=?
(2) Classical Equation & problems

(1) Equation
A. Heat equation
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B. Wave equation
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C. Laplace equation
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( 2) Initial condition ( t = 0 )
u(x,y)=f(x)

and/or g(x)
0tt

u
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0<x<L

(3) Boundary condition ( t > 0 )
A. Dirichlet condition , u

Ex.
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C. Robin ( churchill ) condition
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( mixed B.C )

(iv). Modification of DE
Internal or external effect
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(3). Heat equ. (1D)
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0<x<L t>0

I.C. )()0,( xfxu  0<x<L
B.C. 0),0( tu 0),( tLu t>0
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Sol. Using the method of Seperation of variable , we have
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Boundary conditions
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x

Half range expansion
xfy  is defined on  L,0

(1) cosine half range expansion
Reflect the graph xf about y-axis onto 0 xL ; then function is even on
 LL,

xf is defined  LL, and   xfxf 
xf can be expaned in Fourier cosine series (cosine half-range expansion)
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(2) sine half-range expansion
Reflect the graph xf through the origin onto 0 xL ; then new function is
odd on  LL,

xf is defined on  LL, and   xfxf 
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xf can be expaned in Fourier sine series naimly
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(4) Wave equation
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Lx 0 , 0t
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The motion of an elastic string stretched between two pegs is studied if the string
is lifted and released to virbrated in a plane


h

a 2

h horizontal tension of string
 density

Solution:
(i) Two O.D.E.s
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(ii) Satisfying BC’s
General solution for the two O.D.E.s
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Boundary condition
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(iii) General solution
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(5) Laplace equation
stady-state two-dimensional heat flow
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Boundary conditions
0),0( yu 0),( yau by 0
0)0,( xu )(),( xfbxu  ax 0
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)()(),( yGxFyxu       BC’s 0)0( F , 0)( aF

2





G
G

F
F

xcxcxF  sincos)( 21 

0sin)(

0)0(

2

1




acaF

cF


For nonzero solution 02 c

0sin  a

eigenvalue
a

n
n


  3,2,1n

eigenfunction x
a

n
Fn


sin  3,2,1n

02  GG 
B.C. 0)0( G

ycycyG  sinhcosh)( 43 

0)0( 3 cG y
a

n
cyGn


sinh)( 4  3,2,1n

eigenfunction ),( yxun is
)()(),( yGxFyxu nnn 

y
a

n
x

a
n

An


sinhsin  3,2,1n

By superposition principle, the general solution is

),( yxu y
a

n
x

a
n

An
n


sinhsin

1







x

y

0u

0u



using boundary condition )(),( xfbxu  , we have
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Other boundary conditions.
(i) Dirichlet problem
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(ii) Mixed boundary condition

02

2

2

2









y
u

x
u

ax 0 by 0

0)0,(  xu , )(),( xfbxu  by 0

00 


xx
u

, 0



axx
u

ax 0

Sol xyAyAyxu
n

n cossinh),(
1

0 






a
n

 ,  3,2,1n

















a

n

a

xdxxf
ba

A

dxxf
ab

A

0

00

cos)(
sinh

2

)(
1




(6) Nonhomogeneous equation and boundary condition
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P.D.E is not separable!!
method: A change of dependent variable
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3. Boundary-value Problems in other Coordinate System
temperature in circular disk. → polar coordinate

circular cylinder → cylindrical coordinate
sphere → spherical coordinate

(1) Problems involving Laplace equation in Polor coordinates
Laplace in polor coordinate
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1. B.V.P in other Coordinate System
(1) Laplacian in Polar Coordinate
(2) Circular Membrane : Fourier–Bessel Series
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2D wave equation
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(iii) Final solution
Superposition principle
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(2) Laplacian in cylindrical and Spherical Coordinate
Cylindrical coordinate ZR 
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Conclusions :

Polar Coordinate
Cylindrical Coordinate
Spherical Coordinate

Separation
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Fourier-Bessel series
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other
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