IT .Sturm-Liouville problem

Two point boundary- value problem
d :
S FXY1+[Aa0) + Ap()ly =0 a<x<b

p(x), q(x), r(x), r'(x) arecontinuousand p(x)>0on a<x<b
Boundary conditions

{aly(a)+ p.y'(@)=0
a,y(b)+ B,Y'(b)=0

oy, B,a,, B, areconstants
The nontrivial solution y(x) of above problemis called eigenfunctionand A4 is
called eigenvalue corresponding to eigenfunction y(x).

EX: Ifr(x)=1, g(x)=0, p(x)=1
then
y'+1y=0
1. Regular sturm-liouville problem
Condition: r(x)>0, p(x)>0, on [a, b] let y,(m) and vy, (x) beeigenfunction
corresponding to eigenvalue A, and A,.

Then @ J:) p(x)y,(X)y,(x)dx=0 A, +A4,....orthogronality of y_ &y,

@ ||ym||=,/_[: p(x)y2(x)dx ....Normof y, (x)

Proof of orthogonality of eigenfunctions

yo(X) , y,(x) aresolutions of sturm-Liouville egn.
o A0y (94 la0)+ POy () =0...D
d

&[r(x)yn(x)]+ [a(x)+ p(x)]ly,(x)=0 ...@

Oxy, - @xy,, gives

L C A A {3 YA R

Integrate both sidesw.r.t. x formato bto have



(e = 2], DX Yo = [ ym ax— [ yn

b
ST = r(x)y,,y, -

[ r(x)ys v r(x )ynym

+ j X)yn Yadx

=1(b)y,(b)ys(b)- () (@)y; (@) -r(b)y, (b)y,(b)+ r(a)y,(a)y;(a)
=1(b)fyn(b)y; (b)-y,(b)ys(0)]-r(a)fy ()yn(a)—yn(a)yin(a)]

ma+ﬂ1ym O

From vounding condition, we have {
a,y,(a)+ B,y,(a)=0

oy, arenotall zeros

¥n(a) yﬂ:o => @)y (2)- ¥, ()4 (@)= 0

¥o(a) yi(a
Similarly :
Yn(b)ya(b) -y, (b)y;, (b) =0
and r(a)=0,r(b)=0
(o~ 2,)[" PO )y, (e =0

if Am # Ay

then j (X)y, (x)dx=0

Y, (x ) & y,(x) areorthogonal w.r.t. weight fn. p(x)
2. Singular sturm-Liouville

(Dr(a)=0,r(b)=0

aly(a)+ B.y'(a)=0 can be dropped
a,y(b)+ B,y'(b) =0 retained
(2 ) (a)io rb)=
a,Y(b)+ B,y'(b)=0 can be dropped
a,y(a)+ B,y'(a)=0 retained

(3)r(a)=r(b)=0
No boundary condition are specified, but solutions must be bounded on [a,b]
If r(a)=r(b)=0 then periodic boundary condition y(a)=y(b) , y'(a)=y'(b)
are used.
3. Sdf - adjoint Form
a(x)y" +b(x)y’ + [c(x)+ 2d(x)ly = 0
a(x)=0,and a(x),b(x) ,c(x) ,d(x) arecontinuouson [a,b]



Multiplied above D.E. by an integration factor 1t , the D.E. can be

expressed in the form of Storm-Liouville equation.
Ex.
1. Bessd D.E.

X2y + Xy’ + (kzx2 - nz)y =0
Self-adjoint form?

Integration factor
1[50 1 .,
ux)=—ex —e ==
(x) X2 x2 X

2. LegendreD.E.

(1— xz)y” —2xy'+n(n+1)y=0
Self-adjoint form?

Integration factor
-2X
1 — X 1 In‘l—xz‘
ux)=——e x =1
(x) 1-x? 1-x?

4. Solutions of Sturm-Liouville equation
D.E.
y +2y"=0 ( r(x)=1, a(x)=0, p(x)=1 ) -—zm<x<=x



Boundary conditions
y(z)=y(-n)
y'(7)=y(=)
—n<X<rm

sol /

Periodic BCs

characteristic equation

S4N-0
@ if A =k?
~.S- kP=0
S=+k AHEEL
oY 9= Acosh( kx)+Bsinh(kx)
y' x=Aksinh(kx)+Bsinh(kx)
Y = Acosh( kx)+Bsinh(kx)
=Y
= Acosh(-kx)+Bsinh(-kx)
= Acosh( kx)-sinh(kx)

. 2Bsinh(km)=0
S.B=0  (sinh(k7T) = 0)
From y'm=y' ¢ m,
we have A=0
S Y =0 trivia solution
@ if A =0
S0 y"=0
y (x)=AX+B
Ym=AT+B=ym=-AT+B
SA=0
Y 0™B=Y' ==Y (- m
.solution 'y (=B
® A\ =k*>0
S+ k*=0
S=+ ik HEHEAL
Y 9= Acosh( kx)+Bsinh(kx)
Y’ (9= Acosh( kx)+Bsinh(kx)

Boundary conditions
y(r) = y(-7)



Acos(k 7 )+Bsin(k 7 )= Acos(-k 7 )+Bsin(-k 7 )
=Acos(k 7 )-Bin(k )
.. 2Bsin(kz)=0
y(7)=y'(-7)
Aksin(k 7 )+Bkcos(k 7 )= Aksin(k 7 )+Bkcos(k 7 )
.. 2Aksin(k 7 )=0
.. 2Bsin(kz)=0
2Aksin(k 7 )=0
For nontrivial solutions A=0 B=0
.. sin(k)=0
“kz=nz > n=1>2>3eee
. A=k?eee cigenvalue k=1:>2> 3eee
". the eigenfunction y(x)
corresponding to the eigenvalue A = k?
i.e y(x):Acos\/I x+Bsiny/4 x

eigenvaue 0 1 4

9

eigenfuntion 1 COSX,SINX Cos2x,sn2x

Cos3x,sn3x

The set of eigenfunction {1, cosmx , Sinmx }
m=1,2,3,...... on[-7 , m]isorthogonal (PIx1=1)
Othogonality of 1, cosmx & sinmx

(4, cosmx) = fﬂcosrm(dx =0
(L, snmMx) = J:sinrmdx =0
(cosmx,sinnx) = fﬂcosnb(si nnxdx = O(m = n)
(cosmx,cosnx) = fﬂcosrm(cosnxdx =0(m=n)

(sinmx,sinnx) = j”sinmxsinnxdx: o(m= n)
-




Normsof 1, cosmx sSinmx

R e
feosmd| = /" cos’ xdx =7
jsinmd = |[* sin’mxdx ==

Hense, an orthogonal set of eigenfunction{ 1, cosmx , Sinmx }
is { 1 cosmx sinmx}

Ner ' Nm T m

5. eigenfunction Expansion
Can we expand afunction f(x) into a series of orthogonal function{ ®n(x) }?

fX)=C,D,¥0+C,D,¥)+...C, D, (¥ +-....

-S'C.d.(9 on[a,b]

Thusis call an orthorgonal expansion or generalized Fouries series

If @, (x) areeigenfunctionsof aSturm — Liouville problem, itis

Called an eigenfunction expansion

[ proof ] multiphy eqn.1by (p_(x) and integrate over [a, b] to give
L1 00, 090x= 3C, [, 0D, 09k = ofm=n)
=C, [ DL (mn)
=C.Jo.]

BRI RC
[om()

Fourier constant

Cm




jcp()

f(x) = Z d.(x)

If { ®n(x)} isorthogona w.rtp(x)on[a,b]
[ p(¥) f ()’

C.=
and Hq)nH " P(X)D (X
Ex Sturm - Liouville problem
Y +2y =0y(x) = y(-n), Y (x) = Y (x)
gives an orthogonal set{ 1, cosmx , sinmx }
m=1,2,3....... Ontheintervad -7 = x = 7 with px) = 1

Hence , a corresponding eigenfunction expansion for any function f(x) can be written as

1 V4
ao—;L, f (x)dx

1 =
== f(X)cosnxdx
a=_[,

1 .
== f d
b, ﬂLT (X) sin nxdx

H.W.
Given : asturm — liouville problem

{ y'+1y =0
y(0)=0,y(L)=0
Find : 1. solve the D.E and Find its eigenfunctions & expansion
2.prove the orthogonality of eigenfuntion are evaluate its norm
3.write down the corresponding eigenfunction expansion for any function f(x)



§ Bessel’s Equation and Bessel’s Function
1. Bessd’sdifferential equation

X?y"+(x*-v?)y=0 v>0
or

2

" L
y'+(1- 7))/:0
the general solutionon 0<Xx < oo ig

y(x)=CJ, (x)+ C,J_,(X) v # integer

where J, and J_, are Bessel’s function of the first kind
S (_1)” X 2n+v
() = nT(l+v+n) (2)

J (X): S (_1)n 1 2n-v
v ~nT(l+v+n) 2

Here T'(n) is Gammafunction defined as
r(n) :ju”’le”du , n>0
0
and I'(n+1) =nI’(n)

EX.
X2y + Xy + (xz—%) y=0
v: =14 , v=1Y2
y(X)ZClJ%(X)-F CZJ%(X)
Bessal Function of the second kind
Define.

cosvd, (X) —J , (X)

Y. (0= sinur

( Neumann’s function )

If v # integer
Y,(x) and J, (x) arelinear independent



If v — m=integer
Y, (X)=1lim Y, (x) (L Hopita’srule)

Y, and J arelinearly independent

Hence, the general solution of Bessel’sD.E for any v isexpressed as
y(x)=CJ,(x) + C,Y,(x)

Ex.
X2y +Xy'+ (x*-9)y=0
v2=9 , v=3
S Y(X) =Cy(X) + CRY;(x)

Parametric Bessel Differential Equation

X2y +xy' + (x> -0*)y=0 letAx=s
genera solution
y(x)=C,J, (Ax) + C,Y,(1X)

Properties of Besseal function of order m

(1) I () =(=D)" I, (%)
(2) 3, (=¥ = (=)™ J,(¥)
3)J_(0)=0 m>0
(4)J,(0)=1

(5) lim Y, (%) = =0

Bessel function of the third kind

H,% ) =J,(x) + iY,(x)

H,?(x)=J,(x) - iV, (x)

Hankel function of the first and second kinds (wave propagation problems)

modified Bessel function
D.E

X2y +xy' — (x> +0v%)y=0
letix =t ,then



242
t“d y+tdy

e & +(t?-vH)y=0

(1) if v = positiveineter and = 0
y(x) =C.J, (ix)+ C,J_, (ix)

(2) otherwise v = 0Oor positiveineter
y(x) =CyJ, (ix) + C,Y,(ix)

Modified Bessal function of thefirst kind

1,(X) = Z(X/Z)ka real function for real v
sk (k+v)!
=i™3,(i%)
Therefore
y(x) =C.J, (ix) + C,J_,(ix)
=C,l, (ix)+ C,I_,(ix) v = honnegative integer

Modified Bessel function of the 2" kind

K, (X) = %i“*l[JU(ik) +1Y (ix) v =0 or positiveinteger
Then

y(x)=Cyl, (i) + C,K, (ix)

If v=0 orapositive integer

z |_U(X) ,(X)
) ( ) sinur

(2) Differential
() di[x-“Ju(x)l = x3,4(%)
X

(i) L [xd, (0] = x°3,4(x)
dx

) Jvl(x)—le(x):zJ (%)

(V) 3,09+ 3,,0 = 23,9

(2) Integral  (n=integer)



(i) janH(x)dx= X"J,
(if) [ X"3,,(9dx = =X,

§ Bessel and Legendre Series

1. Fourier-Bessel Series
Bessel D.E
X2y +xy +(PX*-n’)y=0 ,n=0123....
genera solution
y(x)=C,J,(Ax) + C,Y,(Ax)
self - adjoint form  (Sturm - Liouville form)

2
Dy 1+ (- s a2y =0
dx X

r(x) =x, q(x) =—n?/x, p(x)=x
»1(0)=0,and J, (Ax) isbounded at x =0
Orthogonality of Bessel function J,(A1x) on0<x<R

[330,(43,0,0dx =0 4 # 4,

where eigenvalue A are defined by a boundary condition
a,J,(AR) + B,AJ,'(AR) =0

{J,(24x)} forman orthogonal net with norm| J, () |

R 2
19, (4 x)||=\/ jo xJ (A, X)dx
The Fourier — Bessel series f(x) on(0,R)

f() = .G (4%)

@ 1f J.(AR) =0 C = 1 _70R joxf (x)J. (A X)dx

(2) If hJ_(AR)+ ARJ,'(AR) =0 C, = 24" I

7R~ 13 TRy

0

h>0

(If I (AR) =0 f(x)=C, + > CIo(4X)

i=2

C —ij%(x)dx C —#j%(m (1 X)dx
1 RZ 0 i RQJOZ(AiR) 0 n\"%



2. Fourier — Legendre Series
Legendre D.E
A-x)y" —2xy +n(n+1)y=0 -1<x<1
Self — adjoint form

i[(1— x)y'1+n(n+1)y=0
dx

r(x)=1-x>,q(x)=0,p(X)=1,A=n(n+1), r(-1)=r(1) =0
Legendre polynomial P,(x) iseignfunction of sturm- Liouville
problem of above D.E for various values of n.
Orthogonality of P, (x)

j_ll P (X)P.(X)dx=0 m=n
Fourier- Legendre series of f(x) on[-1,1]

F(x) =3 C,P.(x)

C

2n+1
o= [, FOOR (e

Alternative Form
X=cos@ ,dx=-snd@d

F(0) = icm P (coso)

_2n+1

Cn
2

[ " F(0)P, (cos0) sinodo

0



