Chapl Fourier series and Integrals

I. Orthogonal functions z

(1) vectors and functions (c,,C,,C5)
(i) 3-D vector G
u=(c,c,,C5) >y
=C§ +C,8, +C8 X/ y
(if) n-dimensional vector (n > 3) Y
vector o4
countable infinite dimensional vector 1 3 ‘ -
(i) function |C(1)4 ‘ 4 "X
y 4 f(x) -
: Ly «
2 vector b

noncountable infinite dimensional vector
A function is considered to be a generalization of avector
(2) Orthogondity (I~ 1)

(i) Orthogonality of vector

(@) Inner (dot) product of vectors

0-V=(0,V)=UV, +U,V, +-
(b) Orthogonal vector
dandv areorthogonal < G-v=0

(i) Othogorality of functions

(a) Inner products of f,(x) and f,(x) on[a,b]

(£,09, £,09) = [ .09 £, (cx
(b) f,(x) and f,(x) are orthogonal on|[a,b]
<My (f,, 1) =jb £,(x) f,(x)dx=0

(c) Orthogonal set
{0 (%), ¢, (X),0,(x),--} are orthogonal set on[a,b]

s Gotn) = [ (09, (9cx=0 m=n

(d) Orthogonal set w.r.t weight functionw(x)

(b $0) = [ W9 (X9, () =0 m=n



(3) Orthonormality (I 1%)
(1) Norm or length of a vector

g =~a-a
(i) Norm of functiong, (x) on[a,b]
I8, (9] = B 8) = | | 97 (¥
(iii) Orthonormal set{¢, ()} is an orthonormal set on[a,b]

" {¢,(x)} is orthogonal set on[a,b]
And|g,(x) =1 for n=12,3,---

- b _ [0 m=n
o Lo (= |7

[7IRE 1: show{1, cosx,cos2x,--} isorthogona on[- 7, 7]
sol: {cosmx} m=012,--- m=n

(¢m P, ) = (COS mx, COS nx) = j " cosmx cosnxdx

- %j”ﬂ [cos(m+ n)x + cos(m— n)xjix

_l{sin(er n)x+ sin(m-n)
2 m+n m-n

T =0 (myn Jr@'(m;t n)

= {1,00sx,C082x, -} is orthogonal set on|[r,~r]
f7IR& 2: Find the norm of {1, cosx,cos2x,---}on[- 7,z
sol: {cosnx} n=0212,-

Er’,’ n=0
I, 0 =l = [ 2°x = dx =2z
Er’,’ n>0

Sy

g (x)] = |cosn¥| = f cos® xdx = \/ f @dx =

{ 1 coSX COS2X
check !
n=0

it Lo

} is an orthonormal set on[- 7, 7]




n>0

cosnx

[, (x)] = N

2
_\/7r COs nXdX=1

- T

2. Fourier Series

1807 presented by Fourier application:
Acoustics

optics
ther mod ynamics
othere

(1)Set of functions

{Lcosn—ﬂx,sinn—ﬂx} n,m=1,23...
P P

is orthogonal on [-P,P]

jpcosn—ﬂxsinmxdx=0 m=n

S P

jpcosn—ﬂxcosmxdx:o m=#n

S P

jpsinn—ﬂxsinmxdx:o

F P P

Ipl-cosn—ﬂxdx=0

_p P

Ipl-sinn—ﬂxdx:o
_p P

(2)Fourier Series
Function f(X) defined on [-PP] that can be expanded in the
trigonometric series

f(x)= i(ancos—x+b sn?x) D

n=1

Where
a,=— j f (x)dx

nr
a, = BJ:P f(x) cos?xdx
1P . Nr
b,=—| f(x)sin—xdx
n = e f9sin=
aO’ n? n'



Fourier coefficients

Multiplying Eq(1) by 1 and integrating from - Pto P, we have

J'_PP f(X)dx = fp% dx + ; I_PP a, cosn?ﬂ xdx + I_PP b, sin %T xdx = a,P

1
8= [ 109ax
Multiply Eq(1) by ™z, asand integratefrom - Pto Ptoyield
P

Nz
Ji f(X) cos? xdx = I — cos? Xdx + Z {anj cosF xcos? xdx+b I costs n B xdx}

Here
j cos— xsin % xdx 0 orthogonal

0

j cosm xcosn Xdx = Nz .2
P P ||cost|| = P(m=n)

P ne. . (P et .
"L: f (x)cos? xdx_anjipcos 5 xdx=a,P

1. nr
a, = EJ:P f(x) COSF xdx
Similarly, multiply Eq(1) by sm? X and integrate to obtain

[* t(9sin"Z xax=b, [ sin? " xdx=h,P
_p P -P P

1 . Nz
bn=5j_Pf(x)sandx

(3) Convergence of a Fourier Series
Let f(x) and f "(x) be piecewise continuous on [-P, P] then
A. Fourier Series of f(x) on [-P, P] Convergesto f(x) at a point of
continuity.
B. At apoint of discontinuity, the Fourier Series Convergesto the



average

)+ 100)  Here f(x)=limf (x+h)
2 f (x-) =lim  (x~h)

fix)
!

|
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&0 gk
=

-t <Xx<0

0
Ex. Expand f(x)={ﬂ_X 0 xor

Sol:

p=x

right limit
left limit

in aFourier Series

a = Nz . Nz a > .
f(x):?°+2{an CoS—- X+ b, sn?x}z?oJrZan cosnx + b, sinnx
n=1

n=1

a - %j_pp F(x) = %I f(x) = %U—OﬂOdHK (7 - x)dx} =5

1

a, =£jp f (x)cosnx dx = r(ﬂ—x)cosnxdx=
p -p 0

T

b, :lj'p f(x)sinnxdlej'”(n—x)sinnxdx= 1
pJ-p o n

f(x)=£+2(1_(2_1) cosnx+lsinnx)
=1 T n

T

1-cosnx 1-(-1)" n=123

53 N’z

f(x+)+f(x—):7r+O:£

a x=0 Fourier series convergesto 5

2 2



r S 1--D". =«
_+Z( (2 ) )__
4 o nr 2
T S 1-(-)". & ,2 2
—+> (2 ) )= (ot )
4 O V4 4 © 3°r 5°r
:£+E(1+i+i+ )
_r
2
1 1 1 7?2
1 —2+—2+—2+ =
3 5 7 8

(4)periodic extension

F(0 =243 (@ycos E x+bysin oy ..()
2 O p P

The right hand side of Eq.(1) is periodic with period 2p.

.".Fourier series represents  f(X) on [-p, p] and gives periodic extension of f (X)

outside [-p, p].

fix)

LA

Tomay shenes of 77

Therefore, we may assume at the beginning that f(x) is periodic with period 2p, namely,
f(x+2p)=f(x)
If f(X) isa periodic function of period 2z (p = ), then Fourier series becomes,

f (X) :@+Z(an cosnx + b, Sinnx)

n=1

1 1n 1,n .
ag =;j_ﬂ f(x)dx ap, =;j_ﬂ f (x)cosnxdx by, :;LT f (x)sin nxdx

Ex.

f(x):{_k —1<x<0
k O<x<r

f(x+27)=f(x)



-2n -2m n

(=5

Fourier seriesof f(x)?
Sol. p=nx

F(x) = %+Z(an cosnx + b, Sinnx)
n=1

3 = %fﬂ f (X)dx = l[ji- kax+ [ kax] = 0

T

a, = lj'ﬂ f (X) cosnxdx = l[jo— kcosnxdx+J'ﬂkcosnxdx] =0
T T =T 0

by, =ljﬂ f(x)sinnxdx:i[jo—ksinnxdxjtjﬂksinnxdx]:2—k(1—cosnx)
Vs moT 0 nrz

f(x):zz—k(l—cosnx)sinnx
= nr
:4—k(sinx+lsin3x+lsin5x+...)
nr 3 5
f(x+)+ f(x=)  k+(-k)
2 2

a x=0 Fourier series convergesto 0

f(0) = 24—k(1— cosnz)sinnz |,_q =0
“~nr

T oo
at X—E (;(H:_I;I\%l'%:,f)

T 2, 4k -
f(Ej —k = Z—(l— cosnr)sinnz .

n-1 N7T

:4—k(sinx+}sin3x+£sin5x+---)| .
T 3 S 7
:4_k(1_i+é_1+1...)

V4 3 5 7 9

.'.1—l+l—1+£--:Z ------ Fourier series at specific point
3 5 7 9 4



3. Fourier Cosine & Sine Series

(1) Even and Odd function:

A. Even function B. Odd function
¥
Pl ; P
H-r | Fp x

(2) Properties:
A. I f(x) is even, then f’p f (x)dx = 2jop f (x)dx

B. If f(x) is odd, then f’p f(x)dx=0

(3) Fourier Cosine Series.
Let f(x) be even function on [-p, p] Fourier series of even function f(x).

f(x)_—0 i[a cos—x+b sm—x]
n=1

aoz—fi f(x)o|x=—j0 f (x)dx

== j f(x)cos—dx_—fpf(x)cosn—ﬂxdx
0 p
b =—j” f(x)sin ™ dx=0
n -p p

f(X) = z a, cos— ----- Fourier cosine series
n=1

(4) Fourier sineseries:
Let f(x) be odd function on [-p, p], Fourier Coefficients for odd function are
a,=0
a,=0

b, == [* f(9sin 2 ax=2 " £ (x) sin % xax
pi-p p po p

.. Fourier series for odd function f(x) is



f(x)=2bnsinn—ﬂxx ----- Fourier sine series

n=1

-1 —-7<x<0 . . ,
Ex: Expand f(x)= in Fourier series:
1 O<x<rm

Fnctn
b=

Sal:

- £(x)=3 b, snnx

n=1

2 ox .
b, =;jo f (X) sin nxdx

2 (7
= ;jo (D sin nxdx

_ 2 —cosnr X
z n °

_ 2 1-cosnz

f(x):i%:)n)gnnx

n=1

:i(sinx+}sin3x+%sin5x+----)
T

If n=1



+
::.":Ilh

f(x):isinx
T

If n=2

f(x):ﬂsinx+isin3x
T 3r

If n=7

Pa B TN |
R

n.-..-\.j
.

L

The behavior of a Fourier series near a discontinuous point of f(x) isknown as
Gibb Phenomenon.

(5) Sum of Functions:
A. Fourier coefficients of f(x) + g(x)
=Sums of the corresponding Fourier coefficients of f(x) and g(x).
B. Fourier coefficientsof cf (x)
=C times the Fourier coefficients of f(x).
()= +X —m<x<~xm
{f(x+ 21) = f(X)

Fourier series?

Sol:
f()=f.()+ f,(x)
= X+7



fl(x) =X
f,(X)=n

a, & :
f (X) = %ﬁLZ[am cosnx+b_, sinnx]
n=1

a, < :
f,(X)= %+Z[anZ cosnx+b,, sinnx]
n=1



